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Learning Objectives

LO12-1 Use ANOVA to test a hypothesis that three or
more population means are equal.

LO12-2 Use confidence intervals to test and interpret
differences between pairs of population means.

LO12-3 Use a blocking variable in a two-way ANOVA to
test a hypothesis that three or more population
means are equal.
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ANOVA: Analysis of Variance .
(24¢\%)
A one-way ANOVA is used to compare three or more

treatment means.
= o 5 .
The assumptions underlying ANOVA are:

PRUSTIE PP T SN L
« The samples are from populations that follow normal

distributions. -
= o, ler S U AV WA S lanadd |
» The populations have equal standard deviations.

» The populations are independent. afei— “icacy

When the conditions are met, the test statistic has an _E_
distribution. F —(us

Why do we need ANOVA, why not use the previous method
based on the t-distribution?
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ANOVA: Analysis of Variance . I D EQ
l

A B

We could compare the population means two at atime. A G

E‘-’ OB Il?:-’-’ T Y W S e Ac.)
Example Suppose we have four groups. AD
* There are six comparisons we can make. «ze:e5 BC )
* Suppose we make each comparison at the 95% level. \%.j)

P(All correct) = (.95)(.95)(.95)(.95)(.95)(.95) = .735. = #35/

. . —2657
The probability of at least one error is .265. Joo-"F35=2651

The Type 1 error buildup Is not satisfactory!
T FSOU, y2) LBk cre oy a5 s A Lk
ANOVA allows us to compare all the means simultaneously.
UL Uro a—rdes?
°/:~.5 1 ?_,,Jlu-’

¢ .. . .. . . .
et | ), o) 5 ee9 VAL Sl U Lt vesd

Avoids the Type 1 error buildup.
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ANOVA: Analysis of Variance . 3 53
NP4 DGH:S

ANOVA was first developed for use in agriculture. ., <«

2 2

Example: Tomato plant heights for different amounts of
& fartil
& fertilizer. S s g
- Different plots of land would get different amounts of
f_,tmzer
. Treatment was used to identify the different plots/fertilizer
amounts.

(:)u‘-‘s‘”)@‘s::‘"‘;‘ &= ~Treok meukc
The term treatment identifies the different populations or
groups.
ANOVA analyzes how the population means vary by the

different treatments,_ . o (L 5 GMby, v bsduaZ

2 sasE,
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ANOVA: Analysis of Variance.

« Example: Joyce Kuhlman manages a regional financial center.

* She wants to compare the productivity, as measured by the
number of customers seryed, among three employees.

« Four days are randomly selected and the number of customers

served by each employee is recorded.
Is there a difference in the mean number of customers served?

A l WLJJ“ ot |
L o

o4 76 ol

59 67 46

/1 48
A D
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ANOVA: Analysis of Variance.

« Example continued.

* Different vs Not Different.

/\Wolfe .V_Igl_f_e
7
Q&
§_ooss e
&
White
White -
Hy H2 H3 W= 1= M3
Customers Customers
served served
d‘h‘ = . Pd A-a"' x J
’ -—

Access the text alternative for these images.
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ANOVA: Analysis of Variance .
JII M2 /"3’

We want to determine if the population means are different.

Assume the population variances are the same.

ANOVA compares means through their variances. 4 (x - x )7'
Estimate the common population variances two ways.

The test statistic is the ratio of the two estimates. {S:;

* |If the means are the same, the ratio should be 1.

« If the ratio is larger than 1, we might conclude the means
are not the sample.

Use the F-distribution to determine when the ratio being
greater than 1 occurred by chance.
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ANOVA: Analysis of Variance .

72’720( VM.‘aﬂce — “Tresft-ment Vd’dkrbnfﬁanc/om Vet ak.om

* Break the (Lotal variation irgo two parts. ?55 <

SS St
Total Variation The sum of the squared differences [l
between each observation and the overall mean. 1]

GV EFAL 5 Z LU0 s (3 2 G\ od ol e £V

/& “") Treatment Variation The sum of the squared _ wr
/}5 : differences between each treatment mean and s
+ the grand or gverall mean. 27 ys G 58,8 F
s 5T 5y g asss oS
Random Variation The sum of the squared
differences between each observation and its

S
,&f treatment mean. c\z_xg SA G0 A p2S
\__;.s-,f e >
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ANOVA: Analysis of Variance.

* The test statistic is the rgtio of the estimates.
@ Between treatments estimate of the variances _ M ST

[=—

Within treatments estimate of the variances ° H ¢ E

T : Ly
Has an F dlS’[I‘IbU% ‘v’fu.

3 Numerator df = k - 1. - s
/N . N
o Denominator df :_n_:Jg,‘V}‘,s,ﬁ“’

”

(
* kis the number of treatments.

*n IS the total number of observations.
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ANOVA: Analysis of Variance.

Total :  SS total = ¥(x — %5)*
Within :  SSE = ¥ (x — %¢)”.
Between : SST = SS total — SSE.

X¢_is the overall grand mean.

Xc 1S the sample mean for treatment c.

=

Symmarize with an ANOVA table.

ANOVA Table
Source of Sum of Degrees of
Variation Squares Freedom Mean Square
‘- Treatments ST -1 3_\ 2 S ST/(k 1) = M §T V
09‘7 Error SSE N-ky2-324 SSE/(n-K=MSE

Total S S total n-1

(23
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Wolfe | white | Korosa Ho : Jl‘ ._._._}1& .._-_-jtz
55 ¢ /66 47
54 | [ 76 51 W, JA‘,F,}'z-.:.f‘s
59 |\ 67 46
s6 | Nz’ | 48 ol =065 (@
Nn:y ns“ n=y
sum | 224 . )
mean | 56 Fo 48 rc"" ek s’ ¢ O
F-' O P F
X (X-XG)? (X-XC)2 a8’ AP = K-t =3-122
55 9 1
54 16 4 . n-k =12-3=a
59 . 1 9 a’ F = D
20 4 0 E\'-\\CGI = U.2¢
66 64 16 Zrn 7 I Slast v—F W
c 4
6733 38214 396 . &)iond meant oL (D
71 169 1 SSxoret U @
. 2
47 121 1 SS il = f(x-xéj
51 49 9 SSE G s (P
46 144 4 T,
48 100 0 SSE - 2K - %)

696, | 11082\ 90 992 Ss1 @ lws @
Bl [ ! f SsT=ssTow) —SSE
mean X G | SS TOTAL SSE SST — 082 -d0=942
Angu=e oS, LW Anova 050 92D

32:.211? SS DF |MS F F-CRITICAL
Between Groups SST q q2 2 qq " L"q'6 bl‘ 26
Within Groups SSE q 0 q ’D
roral SStsted (092
MST = S8T#(k-1) Ms  oue (19

MSE = SSE+(h-R)



Appendix B

B.4 Critical Values of the F Distribution

at a 5 Percent Level of Significance

05
0 F
Degrees of Freedom for the Numerator

1 @@ 4 5 6 7 8 9 10 12 15 20 24 30 40

1] 161 [ 200 | 216 | 225 | 230 | 234 | 237 | 239 | 241 | 242 | 244 | 246 | 248 | 249 | 250 | 251

2| 185 | 190 | 192 | 192 | 193 | 193 | 194 | 194 | 194 | 194 | 194 | 194 | 194 | 195 | 195 | 195

3| 101 | 955 | 928 | 912 | 901 | 894 | 889 | 885 | 881 | 879 | 874 | 870 | 866 | 864 | 862 | 859

4 77 | 694 | 659 | 639 | 6.6 | 6.16 | 6.09 | 6.04 | 600 | 596 | 591 | 586 | 580 | 577 | 575 | 572

5| 661 | 579 | 541 | 519 | 505 | 495 | 488 | 482 | 477 | 474 | 468 | 462 | 456 | 453 | 450 | 4.46

6| 599 | 514 | 476 | 453 | 439 | 428 | 421 | 415 | 410 | 406 | 400 | 3.94 | 3.87 | 3.84 | 381 | 3.77

7| 559 | 474 | 435 | 412 | 397 | 3587 | 379 | 373 | 368 | 364 | 357 | 351 | 344 | 341 | 338 | 334

8 | 532 | 446 | 407 | 384 | 369 | 358 | 3.50 | 344 | 339 | 335 | 328 | 322 | 3.15 | 3.2 | 3.08 | 3.04

c9 5.12 .26y 3.86 | 3.63 | 348 | 337 | 329 | 323 | 3.18 | 314 | 3.07 | 301 | 294 | 290 | 2.86 | 2.83

5 10 | 4.96 A0 371 | 348 | 333 | 322 | 314 | 307 | 3.02 | 298 | 291 | 285 | 277 | 274 | 270 | 266

£ 11 | 484 | 398 | 350 | 336 | 320 | 3.09 | 3.01 | 295 | 290 | 285 | 279 | 272 | 265 | 261 | 257 | 253

5 12 | 475 | 389 | 349 | 326 | 3.11 | 3.00 | 291 | 285 | 280 | 275 | 269 | 262 | 254 | 251 | 247 | 243

S 13| 467 | 381 | 341 | 318 | 303 | 292 | 283 | 277 | 271 | 267 | 260 | 253 | 246 | 242 | 238 | 2.34

£ 14| 460 | 374 | 334 | 311 | 296 | 285 | 276 | 270 | 265 | 260 | 253 | 246 | 2.39 | 235 | 231 | 227

5 15| 454 | 368 | 329 | 3.06 | 290 | 279 | 271 | 264 | 259 | 254 | 248 | 240 | 233 | 229 | 2256 | 220

§ 16| 440 | 363 | 324 | 301 | 285 | 274 | 266 | 250 | 254 | 249 | 242 | 235 | 228 | 224 | 219 | 215

B 17| 445 | 350 | 320 | 296 | 281 | 270 | 261 | 255 | 249 | 245 | 238 | 231 | 223 | 219 | 215 | 210

E 18 | 441 | 355 293 | 277 | 266 | 258 | 251 | 246 | 241 | 234 | 227 | 219 [ 215 | 211 | 2.06

o 19| 438 | 352 : 290 | 274 | 263 | 254 | 248 | 242 | 238 | 231 | 223 | 216 | 2.11 | 207 | 2.03

3 20 | 435 | 349 | 310 | 287 | 271 | 260 | 251 | 245 | 239 | 235 | 228 | 220 | 212 | 2.08 | 2.04 | 199
g



Sums of the Squares Treatment

The sum of the squares treatment, denoted by SST, Is
calculates as sS _ sSse

2 2 2 X 2
SSTZ[T1 —|—T2 —|—T3 + ... .=-(Z )
n, n, n, N

Where
— X =the score of a sample \s,/\S. v
— k =the number of different sampl (or treatments)
— n; = the size of sample i_
— T, = the sum of the values |.n sample i g Y y <= /2
— n 1 =the number of values in all samples =n; + n, + n; +
— XX =the sum of the values in all samples =T, + T, + T;+.
— 2Xx2 = the sum of the squares of the values in all samples

© McGraw Hill



Total Sum of Squares

The Total sum of squares denoted by SSTotal,
and Is calculated as

SStotal = » x* — (an)

Where
n =the number of values in all samples =n,;+n,+ng+...

2x = the sum of the values in all samples =T, + T, + T+ . ..

———l

>x2 = the sum of the squares of the values in all samples

© McGraw Hill



ANOVA: Analysis of Variance .

« Example: A group of four airlines hired Brunner Marketing
Research Inc. to survey passengers regarding their level of
satisfaction with a recent flight.

« Twenty-five questions offered a range of possible answers:
excellent (4), good (3), fair (2), poor (1), so the highest possible

score was 100
J\_“ n.5 - w:s6

94 75 70 68

90 68 73 70
85 1 76 72
80 83 78 65
88 80 74

68 65

65

* |s there a difference in the mean satisfaction level among the,
four airlines?

© McGraw Hill 14



O Yoo M zdka = Mz = S
Hi= the mean owve WIr eqk""‘i

@ ol= 0.06

Northern WTA Pocono ;L
Branson Daa('-'a JW"' L
94 75 70 68 areYyos
90 68 73 70
85 77 76 72
80 83 78 65
88 80 74
68 65
65

Anova: Single Factor

SUMMARY 0.0(
v -
Groups Count Sum Average Variance OL -

Northern 4 349 87.25 36.91667

WTA 5 391 78.2 58.7

Pocono 7 510 72.85714 30.14286

Branson 6 414 69 13.6

ANOVA ;

—_—

Source of Variation ) df MS F \ P-value F crit
Between Groups 890.6838 3 296.8946 |8.990643\ 0.0007434 3.159908
Within Groups 594.4071 18 33.02262
Total 1485.091 21 /

/ J
'/’l'?fk' F;”“_.q/(
ShkaistC Aor?

-
e

fhe st SlrofaeTH' < Is qréctt Hoer crviwol value
Hen  yvejea nudl hypEihrsg



@ é5 koW ST
_) Northern WTA Pocono | Branson X (X.l(g)z (X_XC)Z
, 9400 _| 7500 | 70.00 | 68.00 94.00 337.09 45.56
90.00 68.00 | 73.00 | 70.00 90.00 206.21 7.56
85.00 7700 | 7600 | 72.00 85.00 87.61 5.06
80.00 83.00 | 7800 | 65.00 80.00 19.01 52.56
88.00 | 80.00 | 74.00
68.00 65.00 75.00 0.41 10.24
Zc 52 65.00 68.00 58.37 104.04
87.25 | 78.20 | 72.86 | 69.00 77.00 1.85 1.44
83.00 54.17 23.04
88.00 152.77 96.04
3
JE: K-1=Y-)=3 70.00 | 31.81 8.18
73.00 6.97 0.02
AP -22-4 =1 b4 76.00 0.13 9.86
6 78.00 5.57 26.42
);.',,-mal = 2\ 80.00 | 19.01 50.98
- 68.00 58.37 23.62
65.00 113.21 61.78
68.00 58.37 1.00
70.00 31.81 1.00
72.00 13.25 9.00
65.00 113.21 16.00
74.00 2.69 25.00
65.00 113.21 16.00
75.64 1485.09 ’5z4_.f_ll 890.7
meanXG | SS TOTAL SS SST
f’/:‘r‘igctfo‘:]f SS DF | MS F F-CRITICAL
setweenGows |SST 3qpy | 3 | 2069 | 244 | 3.8
Within Groups SSE gQqu’ ls 3 2 '02
rota S 1y 35.69 2!




B.6B Critical Values of the F Distribution (x = .01)

.01
0 F
- Degrees of Freedom for the Numerator

1 2 % 4 5 6 7 8 9 10 | 12 | 15 | 20 | 24 | 30 | 40

1 | 4052 | 5000 5625 | 5764 | 5859 | 5928 | 5981 | 6022 | 6056 | 6106 | 6157 | 6209 | 6235 | 6261 | 6287

2| 985 | 990 | 992 | 992 | 993 | 993 | 994 | 994 | 994 | 994 | 994 | 994 | 994 | 995 | 995 | 995

3| 341 | 308 | 205 | 287 | 282 | 279 | 277 | 275 | 273 | 272 | 271 | 269 | 267 | 266 | 265 | 264

4| 212 | 180 | 167 | 160 | 155 | 152 | 150 | 148 | 147 | 145 | 144 | 142 | 140 | 139 | 138 | 137

5| 163 | 133 | 121 | 114 | 110 | 107 | 105 | 103 | 102 | 101 | 989 | 972 | 955 | 9.47 | 938 | 920

6| 137 | 109 | 978 | 915 | 875 | 847 | 826 | 810 | 798 | 787 | 772 | 756 | 740 | 731 | 7.3 | 714

7| 122 | 955 | 845 | 785 | 746 | 7.19 | 699 | 684 | 672 | 662 | 647 | 631 | 6.16 | 6.07 | 599 | 591

8| 113 | 865 | 759 | 701 | 663 | 637 | 6.18 | 603 | 591 | 581 | 567 | 552 | 536 | 528 | 520 | 5.12

9| 106 | 802 | 699 | 642 | 606 | 580 | 561 | 547 | 535 | 526 | 511 | 496 | 481 | 473 | 465 | 457

5 10| 100 | 75 | 655 | 599 | 564 | 539 | 520 | 506 | 494 | 485 | 471 | 456 | 441 | 433 | 425 | 407
[}

= 1 9.65 il 622 567 5.32 5.07 489 474 463 454 440 425 4.10 402 394 386

B | 12| 033 | 693 | 5905 | 541 | 506 | 482 | 464 | 450 | 439 | 430 | 416 | 401 | 386 | 378 | 370 | 362

5 | 13| 007 | 670 | 574 | 521 | 486 | 462 | 444 | 430 | 410 | 410 | 396 | 382 | 366 | 350 | 351 | 343

2 | 14| 886 | 651 | 556 | 504 | 469 | 446 | 428 | 414 | 403 | 394 | 380 [ 366 | 351 | 343 | 335 | 327

5 |15 868 | 63 | 542 | 489 | 456 | 432 | 414 | 400 | 389 | 380 | 367 | 352 | 337 | 329 | 321 | 313

E 16 853 6.23 529 4717 444 420 403 389 378 369 355 N 326 3.18 310 3.02

|§ 17 8.40 6.11 5.18 467 434 410 393 3m 368 359 346 33 3.16 3.08 300 292

18 | 829 | 601 458 | 425 | 401 | 384 | 371 | 360 | 351 | 337 | 323 | 308 | 300 | 292 | 284

B | 19| 818 | 593 | 50T | 450 | 417 | 394 | 377 | 363 | 352 | 343 | 330 | 315 | 300 | 2982 | 284 | 276

|20 | 810 | 585 | 494 | 443 | 410 | 387 | 370 | 356 | 346 | 337 | 323 | 309 | 2094 | 286 | 278 | 260

& | 21| 802 | 578 | 487 | 437 | 40e | 281 | 364 | 351 | 340 | 331 | 347 | 303 | 288 | 280 | 272 | 264

22 795 5.712 482 431 399 37 359 345 335 326 3.12 298 283 275 267 258

23 | 788 | 566 | 476 | 426 | 394 | 371 | 354 | 341 | 330 | 321 | 307 | 293 | 278 | 270 | 262 | 254

24 | 782 | 561 | 472 | 422 | 390 | 367 | 350 | 336 | 326 | 317 | 303 | 289 | 274 | 266 | 258 | 249

25 | 777 | 557 | 468 | 418 | 385 | 363 | 346 | 332 | 322 | 313 | 299 | 285 | 270 | 262 | 254 | 245

30 | 756 | 539 | 451 | 402 | 3.70 | 347 | 330 | 3.17 | 307 | 298 | 284 | 270 | 255 | 247 | 239 | 230

40 ) | 5.18 431 383 351 329 312 299 289 280 2.66 252 237 229 2.20 21

60 7.08 498 413 365 334 3.12 295 282 272 263 250 235 220 212 203 194

120 | 685 | 479 | 395 | 348 | 317 | 296 | 279 | 266 | 256 | 247 | 234 | 219 | 203 | 195 | 186 | 1.76

o | 663 | 461 | 378 | 332 | 302 | 280 | 264 | 251 | 241 | 232 | 218 | 204 | 188 | 179 | 170 | 159




ANOVA: Analysis of Variance .

Example continued.
Step 1.

e Hy:ipy =pp = Uz = liy.

° Hy:

The mean scores are not all equal.

Step 2: Use 0.0§

Step 3: F = MTS/MSE.
Step 4.
« k=4,n=22.

e Numeratordf=k-1=4-1=3.
L Denominatordf=n-k =22 -4 =18.

 The critical value is $209.

3.€

© McGraw Hill
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ANOVA: Analysis of Variance

« Example continued.

SStotal = Z(x — %)% = 1,485.10.

« Step 5:
( Northem  WTA
9% 75
90 68
85 7
80 83
88
Column
total 349 391
n 4 5
Mean 825 7820
& —

© McGraw Hill

\ =

Northern WTA Pocono  Branson Total
33709 0.41 31.81 58.37
20621 58.37 6.97 31.81
8264 1.85 0.13 13.25
19,01 54.17 5.57 113.21
152.77 19.01 2.69
58.37 113.21
113.21
Total 649.92 267.57  235.07 332.54

Access the text alternative for these images.

Branson
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ANOVA: Analysis of Variance .

« Example continued.

« Step 5 continued: SSE = ) (x ~ fg)? = 59441,
s ey
i _3 S R 455625 1024 818 3
275  -102 0.4 1 T 10 e 1 >
225  -12 3.14 3
-7.25 4.8 5.14 -4 5.0625 1.44 9.86 9
7 14 h 525625 2304 2642 16
| ' 9604 5098 25
— - 23,62 16
~7.86 61.78

Total  110.7500 23480  180.86 68

(.

. SST = SStotal — SSE = 1,485.10 — 594.41 =\890.69.
S5 ota 1,465.10 — 594, —

Access the text alternative for these images.
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ANOVA: Analysis of Variance .

Example continued.

Step 5 continued.

¢ MST = SST/k — 1 =890.69/3 = 296.90.
° MSE = SSE/n — k = 594.41/18 = 33.02.
—
° F =MTS/MSE = 296.90/33.02 = 8.99.
Source of Sum of Degrees of
Variation Squares Freedom Mean Square
Treatments 890.69 296.90 8.99
Error 594.61 18 33.02
Total 1,485.10 21

* The test statistic is greater than the critical value, reject the null
hypothesis. 214

Step 6: We can conclude the population means are not all equal.

© McGraw Hill
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ANOVA: Analysis of Variance .
« Example continued.

(¥} Aidine Anova

[ 4] A A c D F

1 | Northem WTA Pocono Branson Anova: Single Factor

68

70 SUMMARY

72 Groups Count  Sum Awverage Varionce
65 Northern 4 349 87.250 36.917
7 WTA 5 391 78200  58.700 oS
65 Pocono 7 S10 72857  30.143 (={
Branson 6 414 63.000 13.600

2
3
4
5
6
7
8
9

ANOVA

Source of Variation SS df MS F P-valve  Fcrit
Between Groups 890.684 3 296.895 8.99 0.0007 2&0
Within Groups 594407 18 33.023

Total 1485.091 21

Access the text alternative for these images.

© McGraw Hill



2 A2 5l Samghl OV D5 2 ey Al P s LIV L' Jis s

Inferences about Paris of Treatment Means .
53 b STYS 073 Aot o (w5 A Ho: JuzMe = Hy

Suppose reject the ANOVA null hypothesis. H; +Le x:fn; "y

Conclude that all the treatment means are not the same. v

We may Want to know which treatment means differ.

There are several procedures available.

. . . G
Use the confidence interval presented in Chapter 9. -

. . 1 1 A
(X1 —X%Xz2) %t MSE*<n1+n—2>. l - 1 4 L
« Based on twith df = n - k.

« Assumes equal variances.

FUN i

 MSE is the estimate of the common variance, like sy

« |Confi e | Inclu indicate no difference.

© McGraw Hill 20



Inferences about Paris of Treatment Means .

« Example: The previous airline example.

(D) sessic )

Fisher Pairwise Comparisons

Differencs SE of Adjusted
Difference of Levels of Means Difference 95% CI T-Value P-Value
WIA - Northern -9.05 3.85 (-17.15, -0.93) -2.35 0.031
Pocone - Northern -14.39 3.60 (-21.96, -6.B3) -4.00 0.00L
Branson - Northern -18.25 3.71 (-26.04, -10.46¢) -4.92 0.000
Pocone - WIA -5.34 3.36 ({-12.41, 1.73) -1.59 0.130
Branson - WIL -8.20 3.48 (-1e.51, -1.29) -2.¢4 0.01%
Eranzon - Pocono -2.86 3.20 (-10.57, 2.286) -1.21 0.243
- 2
 Fisher Individual 95% Cls =

Fisher Individual 95% Cls
Difference of Means for Northern, WTA, ...

:_’j;.o\ _,:p_-.t WTA - Nortnern | [ ‘

]

I
!
|
'
]
/, Pocono - Northern | } » i :
I
i
1
’ Branson - Northern - t 4 | !
’ i
¢ - ! ! ]
YO\ P8y - —
' - i
I
Branson - WTA I > |
I
. oo i
”~ | ~D ,5 - < * i i
zs; Branson - Pocono {
P o = L _ . . 3 . I
-30 -25 -20 -15 -10 -5 Q

If an interval does not contain zero, the correspanding means are significantly different.

\__ J

Access the text alternative for these images.
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Inferences about Paris of Treatment Means

« Example continued.

© McGraw Hill

-
Fisher Individual 95% Cis
Differences of Means for Branson, Pocono, WTA, Northern
Pocono-Branson : @
|
WTA-Branson | L 4 .
|
Northern-Branson | ’ °
|
|
Northern-Pocono | } ° '
|
Northorn-WTA | 2 2
|
0 - 10 15 20 25

L If an interval does not contain 0, the comesponding means are significantly different.

Access the text alternative for these images.
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&‘S\J_’h" Ly, d;‘-;'
Two-Way Analysis of Variance .

u(..a.li J)\eo
We have only considered one source of variation.
sS <ST Ss€

Total = Between + Wrthm
Q
We called the within error the error/random va@

There might be other sources of variation to explain.
\_# — < 0> il T8 (2 =) elao 25
If we can explain more of e varlatron then there IS less error or

random variation.
o »&F an® 5 oo PlS, Lo b ge W8S

. ST
« Denominator of the@statlstrc will be smaller. F = M

MSE
* Resultsin a Iar er Fs atrstrc
. We might’ reject the null hypothesis.”

Refer to other variables as blocking variables. D

10

© McGraw Hill 23



One Wa 7 anovee

Hc . = .)‘ = .}‘
S 1 Go SSE=- ssS_-sST
7o S TR
0 (7 39 ErcoV dokh  Teesrssnl-
[s 33 1> With in Betwesen
o L 4 gcouls
Two Wa)’ anor tESk
S S BV PLFS
& et
J‘f 25 ‘%1 So el ‘/J:‘_,;,,o
70 24 q9q o
AR R
N [5 33 > w:»éj;o‘.)\.pdp
fz 20 (5 (/o s ha) >
2 26 \Z
W23 35 '3 '\/\‘cy,.r-u
s PR
'—Uuo Wa./ +es ¢
Tretment = 24 ( -~\)
blocking = aedl (22D 3
SSE=- S5- SST__f\'_éé)?: (ssT | k-l
o ssp | b-)

ssE (k) (b)

|55 _\n-i
o i




Two-Way Analysis of Variance.

Blocking Variable A second treatment variable that when
Included in the ANOVA analysis will have the effect of
reducing the SSE term. V)

a—
mm——
———

*\SSE =SS fotal - SST - SSB)

Degrees of
Source of Variation | Sum of Squares Freedom Mean Square

Treatments SST/(k - 1) = MST MST/MSE
Blocks SSB b-1 SSB/(b - 1) = MSB MSB/MSE
Error SSE (k=1)(b-1) SSE/(n - k) = MSE

Total SS total n-1

© McGraw Hill
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Two-Way Analysis of Variance.

« Example: WARTA is expanding bus service from the suburb of

Starbrick to the business district of Warren. (= e)S o o
z N\ P~
 There are four routes being considered and five drivers. Gwao— &
Travel Time from Travel Time from Travel Time from
Starbrick to Warren Travel Time from Starbrick to | Starbrick to Warren Starbrick to Warren
Driver minutes) U.S. 6 Warren (minutes) West End i i . minutes) Rte. 59
Deans 18 17 21 22
Snavely 16 23 23 22
Ormson 21 21 26 22
Zollaco 23 22 29 25
Filbeck 25 . 28 28
A TP - > A (10, o 2y JUo J

« Atthe .05 significance IeveI IS there a dn‘ference In the mean travel

time along the four routes?

5y O WP (L e NPT IR
* |f we remove the effects of the drivers, is there a difference in the mean
travel time?
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Anova: Single Factor
SUMMARY

Groups Count Sum Average Vi
Column 1 35 103 20.6 13.3
Column 2 3 107 21.4 73
Column 3 3 127 25.4 11.3
Column 4 2 119 23.8 7.2
ANOVA

Source of Variation S5 df MS -
Between Groups 72.8 3 24.26666667
Within Groups 156.4 16 9.775
Total 229.2 19
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Two-Way Analysis of Variance.

« Example continued.

©.) Drivers uned Roules.xbx

r A B C D £ F G H | J K L M
1 Anova: Single Factor

2 Routes

3 Driver US6 West [nd Hickory SL. Route 59 SUMMARY

4 Deaans 18 17 A 2?2 Groups Count  Sum  Average Variance

5 Snaverly 16 23 23 2”2 Us6 5 103 20.6 133

6 Ormson N 21 26 22 Wast Fnd 5 107 214 7.3

7 Zollaco 23 22 29 25 Hickory St. 5 127 254 113

8 Filbeck 25 24 28 28 Route 59 5 119 238 1.2

9

10

) Treatment ANOVA

12 - % Source of Voriation 55 df MS F Pvalue  Ferlt
13 ~ (Block) e Gotween Groups  72.8 3 24.267 0.098 ' 3 239'{
14 N = e Within Groups 156.4 16 9775

15 Error R

16 Total 229.2 19

17

Access the text alternative for these images.
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Two-Way Analysis of Variance .

« Example continued.

©.] Drivers arwd Routes.xhx
A

Ho:py =pp = Uz = Uy

H,: Not all travel time means are the same.

The p-value is .098, do not reject the null hypothesis.

 Differences in the mean travel time due to route could be due
to chance. PPV NN GEA RN & e e Ve 1

Access the text alternative for these images.
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Two-Way Analysis of Variance .

« Example continued.

* Let drivers be the blocking variable.

Travel Time from Travel Time from Travel Time from
Starbrick to Warren | Travel Time from Starbrick to | Starbrick to Warren Starbrick to Warren
Driver (minutes) U.S. 6 Warren (minutes) West End | (minutes) Hickory St. (minutes) Rte. 59
Deans 18 17 21 22
Snavely 16 23 23 22
Ormson 21 21 26 22
Zollaco 23 22 29 25
Filbeck 25 24 28 28
Travel Time Travel Time Travel Time Travel Time
Travel Time from from Starbrick | from Starbrick | from Starbrick | from Starbrick
Starbrick to Travel Time from to Warren to Warren to Warren to Warren
Warren Starbrick to Warren (minutes) (minutes) Rte. |(minutes) Driver|(minutes) Driver
Driver minutes) U.S. 6 | (minutes) West End Hickory St. 59 Sums Means
Deans 18 17 21 22 78 19.50
Snavely 16 23 23 22 84 21.00
Ormson 21 21 26 22 90 22.50
Zollaco 23 22 29 25 99 24.75
Filbeck 25 24 28 28 105 26.25

© McGraw Hill 28



kb{o(kﬁ; (qr,'ab{-p,\ /L;.._;gl Cinas mu‘ o

—lop ols

Ho: ,/‘::ﬁZ_-_-—ﬁz - /"4

@]

T Mot oM Afrage pyme qre <Same

Tawe way Anavd Uds  Guled @

SUMMARY Count Sum Average Variance

Row 1 4 78 19.5 5.666666667

Row 2 4 84 21 11.33333333

Row 3 4 90 225 5.666666667

Row 4 4 99 24.75 9.583333333

Row 5 4 105 26.25 4,25

Column 1 5 103 20.6 13.3

Column 2 5 107 214 7.3

Column 3 5 127 254 11.3

Column 4 5 119 23.8 7.2

ANOVA

Source of Variation S df MS F P-value F crit

eilp ROWS 119.7 4 29.925 9.784741144 0.000934 3.259167

Columns 72.8 3 24.26666667 7.934604905 0.003508 3.490295

-’ E 36.7 12 3.058333333
Total 229.2 19
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Two-Way Analysis of Variance .

« Example continued.

£.) Drivers and Routes.xlsx

A A B C D E F G H | J K L M
1

2

3 Routes Anova: Two-Factor Without Replication

4 Driver US6 West Fnd Hickory St. Route 59

5 Deans 18 17 21 22 SUMMARY Count Sum  Averoge Variance

6 Snaverly 16 23 23 22 Deans 1 78 19.50 5.67

7 Ormson 21 21 26 22 Snaverly 4 84 21.00 11.33

8 Zollaco 23 22 29 25 Ormson a 90 22.50 5.67

9 Filbeck 25 24 28 28 Zollaco a4 99 24.75 9.58

10 Filbeck 4 105 26.25 4.2%

11

12 Usé6 5 103 20.60 13.30

13 West End 5 107 21.40 7.30

14 Hickory St. 5 127 2540 11.30

15 Routc 59 5 119 23.80 7.20

16

17 2 F

18 " Block I ANOVA

19 __Source of Variation SS df MS F P.value Fenit
20 | (Driver) e Rows 1107 a 200 NEFEE0008 3.5
21 Ve B e—-COlumns 728 3 24267 7.935 0.004 3.490
2 1 Treatment _ Error 367 12 3058

= (Route) [ :
24 Total 229.2 19

© McGraw Hill

Access the text alternative for these images.
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Two-Way Analysis of Variance.

« Example continued.

£.] Drive d Routes.xlsx
[ E F 6 M

1
2
3 [ Rom es va: Two-Factor With fication
4 Driver West Fnd Hickory
5 Deans 18 1 21 2 SUMMARY __ Count _ Sum _ Averoge Variance
6 Snaverly | 16 2 3 2 ans 4 78 1950 567
7 Omson 6 22 | snaverly 8 2100 1133
8 Zollaco 2 rmson 90 250 587
9 Filbeck ollac 9 24 58
10 Filbeck 105 2625
11
12 6 03 2060 1330
13 West End 5 07 2140 730
14 Hickory St. 5 27 540 1130
15 Route 59 5 |1 23.80 0
16

\ 17

b 18 Block | ANOVA
19 3 |_Source of f Variation  5S o Ms G Pvaloe  Ferit
20 (Driver) - Rows 1197 4 2005 GTES 06T 3259
2 a _Columns 728 3 24267, 7935 0004 3490
,° 2 Treatment Eror 367 12 3058
7 = (Route)

2 Total  229.2 19

e Hyipy =pp = U3 = Uy

* H,;: Not all travel time means are the same.
* The p-value is 0.004, reject the null hypothesis.
« We can conclude there is a difference in the mean travel
times for the different routes. by o M/ 7 SN o
Access the text alternative for these i Images.
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Two-Way Analysis of Variance.

« Example continued.

#.] Drivers and Routes.xlsx
B [ D E F G H 1 ] K M
1
2
‘ 3 [ Row es | Anows : Two-Factor Without Rep lication
4 Driver US6__ West End Hickory St. Route 59
. 5 Deans 18 17 2 22 SUMMARY Count Sum __ Averoge Variance
F 6 Snaverly 16 23 23 2 Deans 4 78 19.50 5.67
7 Ormson 2 n 2 2 | Ssnaverly 4 8 2100 1133
. , 8 Zollaco 23 P7] 2 PH] Ormson 4 90 250 587
9 Ibeck 25 24 28 28 |2 4 9 2475 9.58
] 000 ! fubeek 4 5 26 425
12 S6 103 20.60 3.30
13 Ei 107 2140 7.30
ry 27 540 1130
uuuuuuu 9 2380
18 Block ANOVA
19 - L _Sourceo f Variation 55 if MS Pualue  Feri
(Driver) Ra 29.9 785 w 3.
21 Columns 728 3 242 7.035 3.490
22 Treatment Error 36.7 12 3.058
= (Route)
24 |00 000200 CEEEESERY  Towl 292

¢ Ho:py =py = pg = Uy = Us.
* H;: Not all travel time means are the same.
* The p-value is 0.001, reject the null hypothesis.
« We can conclude there is a difference in the mean travel .
times for the different drivers.  «—Falo(| cr?, T oo
Access the text alternative for these images. (_;3:) !
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Chapter 12 Practice Problems
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Question 1
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QueStiOn 3 LO12-1

A real estate developer is considering investing in a shopping mall on the
outskirts of Atlanta, Georgia. Three parcels of land are being evaluated. Of
particular importance is the income in the area surrounding the proposed mall.
A random sample of four families is selected near each proposed mall.
Following are the sample results. At the .05 significance level, can the
developer conclude there is a difference in the mean income?

a. What are the null and alternate Southwyck Franklin Park | Old Orchard
hypotheses’_) Area ($OOO) ($000) ($000)

b. What is the critical value? 64 74 75
c. Compute the test statistic. 68 71 80
70 69 76
d. Compute the p-value.
: . 60 70 78
e. What is your decision
DPata

regarding the null hypothesis?
g I g u yp I n“‘vq $lﬂ7‘e [‘a edv'

f. Interpret the result.
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Anova: Single Factor

SUMMARY
Groups Count Sum Average Variance
Column1 - 262 65.5 19.66667
Column 2 4 284 71 4.666667
Column 3 4 309 77.25 4.916667
ANOVA
Source of Variation 5SS df MS F P-valu F crit
Between Groups 276.5 2 138.25 [14.17949 0.001653 4.256495\
Within Groups 87.75 9 9.75 L -~
Total 364.25 11

p Crhead \Value = 4,256
C) 4wst ShakshC = 14.1719
)  PuMme - o.00l¢

e)
Tést Stabric > Caihad yalud
(4.129 > 4.25¢
Y&HCCLt  He
£)  He avewsye iacome ia eack @avee
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QueStiOn 5 LO12-1, 2

The following are three observations collected from treatment 1, five
observations collected from treatment 2, and four observations collected from
treatment 3. Test the hypothesis that the treatment means are equal at the .05
significance level.

a. State the null hypothesis and the alternate
hypothesis. 5 3 3

b. What is the decision rule? 1
10

c. Compute SST, SSE, and SS total.

d. Complete an ANOVA table.

e. Based on the value of the test statistic,
state your decision regarding the null
hypothesis.

2 4
1 5
3 4
2

|- . 5

f. If the null hypothesis is rejected, can we
conclude that treatment 1 and treatment 2
differ? Use thef

@ level of confiM =009
\
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Anova: Single Factor

—
SUMMARY X
Groups Count Sum Average Variance
Column1 3 29 5.666667 2.333333
Column 2 5 11 47 0.7
Column 3 4 16 4 0.666667
ANOVA
Source of Variation Ss df MS F P-value F crit
Between Groups 5;1' 107.2 2 MST 53.6 50.95775 1.23E-05 4.256494729
Within Groups ~ ¢SE 9.466667 df s fg@ 0.®o00l2
¥
Total 116.6667 11

a) Ha /ﬂ, = /b"- = j\S
Ui Mot oM 4le weas ave €qua/

b If Sesk sansspic F) rs > Y26
Ye,cq Ho

c) s T = (062.2
SSE - qyt
SS +etell = W6.6F

d) Test Stat-3hz > C v ticol Vel

5o.qg > y.26
Rejetkr  Ho
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Question 7
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Question 9
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QueStiOn 11 LO12-3

Chapin Manufacturing Company operates 24 hours a day, 5 days a
week. The workers rotate shifts each week. Management is interested
iIn whether there is a difference in the number of units produced when
the employees work on various shifts. A sample of five workers is

selected and their output recorded on each shift. At the .05 significance
level, can we conclude there is a difference in the mean production rate
by shift or by employee?

[ e

- Units Produced Units Produced Units Produced
Employee Day Afternoon Night
Skaff 31 25 35

Lum 33 26 33

Clark 28 24 30
Treece 30 29 28
Morgan 28 26 27
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Anova: Two-Factor Without Replication

SUMMARY Count Sum Average Variance
Row 1 3 91 30.333 25.333
Row 2 3 92 30.667 16.333
Row 3 3 82 27.333 9.333
Row 4 3 87 29.000 1.000
Row 5 3 81 27.000 1.000
Column 1 5 150 30.000 4.500
Column 2 5 130 26.000 3.500
Column 3 5 153 30.600 11.300
ANOVA
Source of Variation SS df MS - - P-value F crit
Rows —D) 33.723 4.000 8.433 [' i!§.552147239 ,0.276152 -|
Columns 52.522 200 3L e 754601227 0.028275 4.45897
Error 43.467 8.000 5.433
Total 139.733 14.000

jfor #veéadmenfs (Fusdbl)
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