Chapter 1 (Part 1)






Complex Numbers for AC Circuits
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| Complex Numb_ers_and Phasors

The mathematics used in Electronics Engineering to add together
resistances, currents or[DC Jvoltages use what are called (real numbers)
either as integers or as fractions.

But real numbers are not the only kind of numbers we need to use
especially when dealing with frequency dependent sinusoidal sources and
vectors. lﬂ/L

As well as using normal or real numbers, Complex Numbers were
introduced to allow complex equations to be solved with numbers that
are the square roots of negative numbers, V-1.

In Electronics Engineering this type of number 1s called an “imaginary
number” and to distinguish an imaginary number from a real number the
letter ““ j ” known commonly in Electronics Engineering as the j-operator,
is used. 35 “)
The letter j is placed in front of a real number to signify its imaginary
number opgration. Examples of imaginary numbers are: j3, j12, 1100 etc.
Then a complex number consists of two distinct but very much related
parts, a “ Real Number ” plus an * Imaginary Number ”. 54 §)
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Complex Numbers represent points in a two dimensional complex or s-
plane that are referenced to two distinct axes. The horizontal axis is called
the “real axis” while the vertical axis 1s called the “imaginary axis”. The
real and 1imaginary parts of a complex number are abbreviated as Re(z)
and Im(z), respectively. s Y

Complex numbers tlll§"_[ are magde up of real (the active component) and
imaginary (the reactiVe component) numbers can be added, subtracted and
used in exactly the same way as elementary algebra is used to analyse|DC
Circuits

The rules and laws used 1n mathematics for the addition or subtraction of
Iimaginary numbers are the same as for real numbers, j2 + j4 = j6 etc. The
only difference 1s in multiplication because two 1imaginary numbers
multiplied together becomes a negative real number. Real numbers can
also be thought of as a complex number but with a zero imaginary part

labeled j0. (2+3) ) . (5+2)) = FT+50
2\ Z2




The basic complex (imaginary) number 1s “1.”

To avoid confusion we replace “i with “i” )
j=T
1'2=jj=x/-lx/-1:-1/‘=/'7J?7J7 .
im0t =)= -l = =
== (D) =
J = _j(+])=j




The j-operator has a value exactly equal to V-1, so successive multiplication
of “3“ (jxj) will result in j having the following values of, -1, -j and +1.
As the j-operator 1s commonly used to indicate the anticlockwise rotation of
a vector, each successive multiplication or power of  j, j4, j° etc, will force

the vector to rotate through an angle of 90°anticlockwise as shown below.
Likewise, if the multiplication of the vector results in a -j operator then the phase
shift will be -90¢ 1.e. a clockwise rotation.

. o)
. |
90 rotation ) = -1 =] |
cmm— ‘ -. | 90° (€D
l
: A _ _ | | A
8 = 180 rotation = \,ﬂl =-1 +14+0)
camm— ‘ = : 5
| J = -1 +1
| | | 180° = » 0°
:_‘..H l()'illl\)ll 'I — | . -l | I — _' | .
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Complex Numbers using the Rectangular Form

We saw that a complex number 1s represented by a real part and an
imaginary part that takes the generalized form of: — 0 JJ:"D

Where:
<7 Z

LY

=X+ ]V )

-

-
-

Z - 1s the Complex Number representing the Vector

X -1s the Real part or the Active component

Y - is the Imaginary part or the Reactive component j - is defined by V-1

In the rectangular form, a complex number can be represented as a point on
a two-dimensional plane called the_ complex or s-plane.

So for example, Z = 6 + j4 represents a single point whose coordinates represent 6

on the horizontal real axis and 4 on the vertical imaginary axis as shown.
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Positive Real Axis

both the real and imaginary parts of a complex number in the rectangular
form can be either a positive number or a negative number, then both the
real and imaginary axis must also extend in both the positive and negative
directions. This then produces a complex plane with four quadrants called
an |Argand Diagram |as shown below.
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~On the/Arg/and diagram, the horizontal axis represents all positive real numbers

to the right of the vertical imaginary axis and all negative real numbers to the
left of the vertical imaginary axis. All positive imaginary numbers are
represented above the horizontal axis while all the negative imaginary numbers
are below the horizontal real axis. This then produces a two dimensional
complex plane with four distinct quadrants labeled, QI, QlI, QIIL, and QIV.
The Argand diagram above can also be used to represent a rotating phasor as a
point in the complex plane whose radius is given by the magnitude of theﬂ
phasor will draw a full circle around it for every 2m/®m seconds. e Jrovy
Then we can extend this 1dea further to show the definition of a complex ”’!

number 1n both the polar and rectangular form for rotations of 90o. Y,
0° = +360° = +1 = 10" =1+0 A;f,:"'\j
.- ¢l
+90° = + /-1 = +j = 12+90" = 0+ s‘:’)"

~

-90° = - J-1=-j=1£-90" = 0-j

+180° = (Y=1)"= -1 = 12£180° = -1+j0




Complex Numbers can also have “zero” real or imaginary parts such as: Z =6
+ 30 or Z =0 + j4. In this case the points are plotted directly onto the real or
imaginary axis. Also, the angle of a complex number can be calculated using
simple trigonometry to calculate the angles of right-angled triangles, or
measured anti-clockwise around the Argand diagram starting from the positive
real axis.

» Angles between 0 and 900 will be in the first quadrant ( I).

» Angles ( 0 ) between 20 and 1800 in the second quadrant ( II).

e The third quadrant ( IIL) includes angles between 180 and 2700 and

* The fourth and final quadrant ( IV ) which completes the full circle, includes
the angles between 270 and 3600 and so on.

In all the four quadrants the relevant angles can be found from:

tan-1(imaginary component + real component)




(,o/mplex Numbers using Polar Form

Unlike rectangular form which plots points in the complex plane, the Polar Form of a complex
number is written in terms of its magnitude and angle. Thus, a polar form vector 1s presented
as: Z = A .0, where: Z is the complex number in polar form, A is the magnitude or modulo
of the vector and 0 is its angle or argument of A which can be either positive or negative. The
magnitude and angle of the point still remains the same as for the rectangular form above, this
time in polar form the location of the point is represented in a “triangular form™ as shown

below.

% ,BUSes ZoRto] Skl Sadt e
£ 12D £0

Y /,3\1\3'{_05 2-01) lamr axlSU\ DA X L

Lo <-q© L9

ekt
;P Ry ¥ 24 ' NP IPRI
= = .

AV ¢ | v’ 22

K




o) @t S 52
PolaWEpresentation dmmbef————‘ —

/

|

As the polar representation of a point 1s based around the triangular form, we can
use simple geometry of the triangle and especially trigonometry and Pythagoras’s
Theorem on triangles to find both the magnitude and the angle of the complex
number. As we remember from school, trigonometry deals with the relationship
between the sides and the angles of triangles so we can describe the relationships
between the sides as: 2 _ 2

. A” =X
-z e ﬁl“’/\(’d_’.’s =
(v/0) wap R+iY S
)( r(os 9 Also, x=A.cos6, y =Asinb

3:- {S\'Vle
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Using trigonometry again, the angle 6 of A is given as follows.

O +n“'1 y
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Types of current

There are two main types of current flow 1n a circuit in our world. One 1s Direct Current
(DC), which is a constant stream of electrons in one direction in other words the electric
charge (current) only flows in one direction . The other is Alternating Current, which is a
stream of charges that reverses direction in other words an electric current that reverses
its direction many times a second at regular intervals, typically used in power supplies.

Most of the digital electronics that you build will use DC. However, it is important to
understand some AC concepts. Most homes are wired for AC.

AC also has some useful properties, such as being able to convert voltage levels with a
single component (a transformer), which is why AC was chosen as the primary means to
transmit electricity over long distances.




Types of current > \\
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Direct Current (DC), which 1s a constant stream of electrons 1n one
direction in other words the electric charge (current) only flows in one

dlrectl&.‘ (Ac
Altematmg Current, which 1s a stream of cha at reverses direction in

other words an electric current that reverses its dlrectlon many times a
second at regular intervals, typically used in power supplies.
Most of the digital electronics that you build will use DO, However, it 1s
important to understand some AC concepts. Most homes are wired for(A
Iso has some useful properties, such as being able to convert voltage
levels with a single component (a transformer), which i1s why AC was
chosen as the primary means to transmit electricity over long distances.

DIRECT CURRENT ALTERNATING CURRENT
(BQ) (AC)
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Types of Periodic Waveform | 'FM -

A waveform is a representation of how alternating current (AC) varies with time.
The most familiar AC waveform is the gine wave, which derives its name from

the fact that the current or voltage varies with the sine of the elapsed time.

Other common AC waveforms are: the square wave, the ramp, the saw tooth

wave, and the triangular wave. Their general shapes are shown below
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Sinusoidal Waveform

S ! — — Agmg = Amax x 0.707
- Aig) = Ajrexy X 0.636
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Frequency f( -=»>#') L
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The frequency of a supply 1s the number of times a cycle appears in one
second and that frequency 1s measured in Hertz.

As one cycle of induced emf 1s produced each full revolution of the coil
through a magnetic field comprising of a north and south pole as shown
above, if the coil rotates at a constant speed a constant number of cycles will

be produced per second giving a constant frequency.

By increasing the speed of rotation of the coil the frequency will also be

increased. e~ S )
the frequency output from an AC generator is: T av Gt
faN, and faP -=C ;"G Sy A

. f =NxP incycles/min

As frequency is measured inHertz

=2 (12

Frequency, (f) = NP 1,
Where:(@!ls the speed of rotation in Lp.m@s the number of “pairs of poles” and
60 converts it into seconds. Scientists describe the cycle of switching directions as

the Frequency. Frequency 1s measured in Hertz (Hz).
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The Period, (T) 1s the length of time in seconds that the waveform takes to
repeat itself from start to finish in other words the time taken for an AC
Waveform to complete one full pattern from its positive half to its negative
half and back to its zero baseline again. This can also be called the Periodic
Time of the waveform for sine waves, or the Pulse Width for square waves.

The Frequency, (f) is the number of times the waveform repeats itself
within a one second time period (the number of complete cycles that are
produced within one second (cycles/second)). Frequency is the reciprocal of
the time period, ( f = 1/T ) with the unit of frequency being the Hertz, (Hz).

, C )
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Instantaneous Voltage V= Veaw S8

||

The instantaneous values of a sinusoidal waveform is given as:
the Instantaneous value = Maximum value x sin 0

: sraus = Fl
= Vo x it = 10057

Where, Vmax is the maximum voltage induced 1n the coil and|0 = ot

==

°  45° 90° 135° 18§

— — — — — — — —




Definition of a Radian

The Radian, (rad) is defined mathematically as a quadrant of a circle where
the distance subtended on the circumference equals the radius (r) of the
circle.

Since the circumference of a circle 1s equal to 2m X radius, there must be@
radians around a 360ocircle, so 1 radian = 3600/2n = 57.30.

Relationship between Degrees and Radians

YAY
20 s
/-/\ Radians = "0] x degrees d@g‘ “:
180

Rad

des v € us”

X%— Degrees = [18 ] x radians 18 | T
\ x 180 K 270 | 3V
1T 366| 21

Angular Velocity o = 27f | (rad/sec) "4 * W&
Eo
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Two Sinusoidal Waveforms cgin-ph@ e

Voltage, (V)

Current, (1)




Phase Difference of a Sinusoidal Waveform

The voltage waveform above starts at Zgro along the horizontal reference axis,
but at that same instant of time the curgent waveform is still negative in value
and does not cross this reference axis until 30° later. Then there exists a Phase
difference between the two waveforms. / =

Voltage. (V)
( 6x9)

V¥

Flm Current, (1)
¥ - 21+
Z .
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Rms(root mean square) Current and Voltage

° The rms current 1s the direct current that would dissipate the same
amount of energy 1n a resistor as 1s actually dissipated by E’he AC
current | o
o - - _ ‘max __
SO A ol == 0707, \/F
° Alternating voltages can also be discussed in terms of rms values Vs = 59

J2

AV, =AVmex 0707 AV

rms \/E
CRl et o)l ) BeS o, 0a) Uskl A Je
The rms value is the sum of values throughout one complete time period. Rms

1s also called the effective value.

It 15 the value given by a voltmeter to ac voltages. ‘
'ﬂs‘a——',‘_.f. goe,g.)\ y. . . . = . \_
The ay&rage power delivered to a resistance is given by the formula

) Pavg= Irms& R P 2 Q
) This formula is for a sine wave only - _-I-rms

o 2 -
olal\ val, o ol
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Fm’actor and Crest F
’Lﬂ,.t\) A9 9‘\}3/-"‘ 2 bl \/-ﬂ-‘ halap
Both Form Factor and Crest Factor can be used to give information alg_(_)llL the actual shape

of the AC waveform.

Form Factor is the ratio between the average value and the RMS value and is given as:

VA

For a pure sinusoide FO - Factor\= R.M.Svalue _ 0.707xVmax

Crest Factor 1s the ra Average value  0.637 x Vmax eform and is
given as: N

/= _ eSS~ ST deast
"~ 8-637 *Nw PO
For a pure sinusoidal waveform the @rest Fact(ﬁ will always be equal to 1.414.
&est Fa@z Peak value _  Vmax
R.M.S value 0.707 x Vmax

~S) o oL %L'g-;’
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~ Kirchhoff's circuit laws

It Las Gl e
Kirchhoff's circuit laws are two equalities that deal with the conservation of charge and ehergy
in_electrical circuits, and were first described in 1845 by Gustav Kirchhoff. These “laws™ are
widely used in the analysis and design of electronic circuits.

e Kirchhoff's current law (KCL) : (o._,_;,n o) QoY AU Gt
The current entering any junction in a circuit network is equal to the current leaving that

junction. o3 ,_;-1_”;. d;\z\ u, vy PSS
t\)"\/"\ -/’-' ;é/ {P = B
w/d N 597 aol—

— _Lq-l—.. ‘Z"'(':L.g ) -
I—S""—-—‘ I=2A .
13=y

I3 i
11 —_ IZ + 13




hhott’s Voltage Law (KYL). . :
rchhoff’s Voltage Law (KVL) u.lﬂ-—(l,l-)t'-( CZWF) l—w“,\_,q\

The Kirchhoft’s second law stated that; In any closed path (or circuit) in a
network, the algebraic sum of the IR product 1s equal to the EMF in that
path. In other words, in any closed loop, the algebraic sum of the EME
applied is equal to the algebraic sum of the voltage drops inthe elements.

Kirchhoff’s V} § j A =Y 'C!-"‘S >
: ZIR ( E :’

The sum of all the voltages around a loop of circuit elements is equal to zero.

RT
a R, b
° °
gUF X
R
vi+v2+v3+va=0 — O Ry, Ryt
d R, C

® ®

‘<
A




Nm 4 -—-
4 V - -Sl'/)(Wf.)
U I = L Srnces€)

|

’K\ V=Nm Sin(att @)
AR @I_:IM&'A(WHQ)

Vz Vo sp5(wts ¢) = V(ms V4 gD

\Irms:: \(m 1-¢-ms = ;L“__
J2 Jo
N\ N
Convert  +he fl//ow,y rs Plagor
Prc
50 Srnuwt = 50
Jz L =

70 Stn (we «27) = Fo /2T
7=

US Cos w& - Y5 Safwt+ad) = 4 Z 90
72
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The th g:_lg_lain passive compogents used 1n any circuit are the: Resistor,
the Capacitor and the Tnductor. All three of these passive components
have one thing in common, they limit the flow of electrical current
through a circuit but in very different ways.

Electrical current can flow through a circuit in either of two ways. If it
flows 1n one steady direction only it is classed as direct current, (DC). If
the electrical current alternates in both directions back and forth it is
classed as alternating current, (AC). Although they present an impaé'aa{"“gc o
within a circuit, passive components in AC circuits behave very
differently to those in DC circuits. _ 1, &,, - -

Passive components consume electrical energy and therefore cannot
increase or amplify the power of any electrical signals applied to them,
simply because they are passive and as such will always have a gain of
less than one. Passive components used in electrical and electronic
circuits can be connected in an infinite number of ways as shown below,
with the operation of these circuits depending on the interaction between
their different electrical properties.




Purel Resist_ive Circuit_ V=X

\i’f** Ty,

~ Resistors regulate, impede or set the flow of current through a particular
path or impose a voltage reduction 1n an electrical circuit as a result of this
current flow. o 00

Resistors have a form of ir_ppze'dance which 1s simply termed resistance, R
with the resistive value of a resistor being measured in|Ohms, Q. | =

Resistars can be of either alue or a variable value
(potentiometers).

| . ‘O +Vn v
A AVAVAY e NN L
| M | S L \per 360°
-—» - - - 0 - »
_ 90° ot
V.. Z/0°=R+i0
I -7 (Qhmslaw) I
I V. waveform
Z=R .
| I PPV
S
!
[:}:Eh;:]g
I A
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current and the voltage reach their maximum values at the same

time /eIt as
The current and the voltage are said to be in phase

The direction of the current has no effect on the behavior of the
resistor oo(al) PJod— s sy Ao

The rate at which electrical energy is dissipated in the circuit is given
by:w'o €P = i’R P- I 20 _ VI:- c\s9w°/ml.¢__ho~.n);w‘.;-
where 11s the mstantaneous current
rms values will be used when discussing AC currents and voltages
JAC ammeters and voltmeters are designed to read rms values
dMany of the equations will be in the same form as in DC circuits
Ohm’s Law for a resistor, R, in an AC circuit =2
QAY R

rms rms

0 Also applies to the maximum values of v and 1




V.": Vm Sin W ¢

in phase
G\D A T=1m S awit

(v
\ R }_fﬂ_ - R
m S'(_‘-E) .I.m
I’m
Zz =R

Vm -:.._T-mﬁ —Em :'yé,\’

EXAMPLE 14.1 The voltage across a resistor is iudicated. Find the
sinusoidal expression for the.guuzent if the resistor is[T0 (1] Sketch the
curves for vand 7.

a. v= 100 s 377¢

b. v= 25sm(377t + 60°)

o) V=00 sin (317L) 337
V"-— Vm g Qwt) I =lm, S\‘n)d’g

T wm= Vm _ 106 _ 10 A T - 10 Sra(3*i)

—_— =

r (5
a) V= 25 8in (2331 +&a) 1:\'4(5
T =25 gn(337L160) =22

as
é 2.5
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The capacitor is a component which has the ability or “capacity’ to store €nergy in the form
of an electrical charge like a small battery. The capacitance value of a capacitor is measured

in Farads, F.

At DC a capacitor has infinite (open-circuit) impedance, ( XC ) while at very high

frequencies a capacitor has zero impedance (short-circuit).
o

(J"j""’)""—'; vy JJLC,L'_@LI so/l) 3 gb\eis

: C +Vn
' | | phasor
| | +1;
o D
1
A= e OD)
Xe= 2¢O I
Viy _ V-
=& R=D

vV
| 1/
90° \180° 360;
8 Wt
-
waveform
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he current starts out at a large value and charges the plates of the
Q&p&_{:ltOI’dﬂ S\S M,PJJIS wzs ,,,J‘\A.x ,o,ag cv'»ll \.7
There 1s 1n1t1a11y no resistance to hinder the flow of the current

while the plates are not charged

As the charge on the plates increases, the voltage across the plates
increases and the current flowing in the circuit decreases
_ o - Xel
The current reverses direction L = O
The voltage across the plates decreases
as the plates lose the charge they had Is - vV 1
accumulated Xe==%=
The voltage across the capacitor lags I 2nfC
behind the current by 90° /\/ Ve C"'ﬂ 7 = /-90° = 0-jX
r TV,
~n <
(;/ Né IS =_5
= N) e - o
\r’3| '\yJ

AVrms = Irms
XC




\r'-: Vm S\‘n.bdQ:
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T =de ané—JE—rQO)

T nm= W C Vm
Rre ITm-2nkVa

Vry., — -—‘—-"‘ ) .—-‘_
'j_"‘m 2w fc wC

TImpeden co Xc = L

24CC
\[rh = —‘—- %C
r“\

EXAMPLE 14.5 The voltage across a 1-uF capacitor is provided
below. What 1s the sinusoidal expression for the current? Sketch the v

and 7 curves. Nm S ,'(\}“‘}
v = 30 sin 4007
e = o= s
wC Ueo X1k

= 2500 .2

im: Vm. = _._3_?_, = \2mA
)<c A5 60

3 = j-—m Stn (We+q0)
=12 Sin(usot xq5) mp-
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° An inductor i1s a cg” of wire that induces a magnetic field within itself or within a
central cgre as a direct result of current passing through the coil. d/

° The inductance value of an inductor is measured in Henries, H.
° At DC an inductor has zgro impedance (short-circuit), while at high frequencies an

inductor has infinite (open-circuit) impedance. 2 -
cs— A L : ~ ., . b
A\ ps | sy e ) G RIS s

[ciisa spy Jak g B2 BE
i L +Ve v
phasor -0 -
o\l |
| . I 8 v o9 180° 360°
i = " O]
X = 2xfL ohms 17
— ZL+90P =0+j1 ”
L} _ \;Tt' R=0 V. waveform

i Z:O-‘-J.l
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Is
— X}J:ﬁ:gﬂ L
I
@vs . Z = /+90" =0+jX
LoV
XL

inductor

90°

Consider an AC circuit with a source and an inductor

The current 1n the circuit is impeded by the back emf of the

oSy ov

The voltage across the inductor always leads the current by

Qs N2 S 1T 2
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Inductive Reactance and Ohm’s L.aw

e The effective resistance of a coil in an AC circuit is called
its inductive reactance and 1s given by

o XHE=2mfL

o When f1s in Hz and L 1s in I, XL will be in ohms

e Ohm’s Law for the inductor Y P
S AVrms = Irms XL o
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EXAMPLE 14.3 The curent through a 0.1-H coil is provided. Find
the sinusoidal expression for the voltage across the coil. Sketch the v

and 7 curves.
a. i = 10smn 377t

) Xd-_-_ Wd =332 (1) = 3% L
Ve L X = 10 (37.7) = 337V
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: Find the current
9 v_ljm Izﬁb Q;D %3 Q through each battery.

Te+lz - T Ir+12 -I3=O("®
loofP. L
ZsHF = =1I€
qg - 23 = T, -1I:(6)

j/yIs - L2 = 6]---.@
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< EMF = 2112
2 = 3506) + Ts(3)
6L, + 33 - = | ...-®
Iy + 1 o Tg =
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