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Logic:

Propositional Logic
(continue)

Acknowledgment: All course slides are either referenced to Rosen Book online presentations
(with certain amendments) or are personally developed by the instructors.
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Previously,

* A proposition is a statement that is either true or false.

— A proposition has a truth value. T > ¥

— A truth value can only be true or false; it can not be none or both

— A statement is not a proposition ifitis;: E—— o - = \
o A question, command, or contain unknown variable(s). -’— SN é‘\‘rz)

— It can be assigned to a propositional variable.

‘el F\ 2 )2 ‘_\_4,\
* New compound proposition can created as a result of applying logical
connectives on one or more propositions.

— Negation = _.,_,-a NOT
— Conjunction AN AND
— Disjunction Vst OR (inclusive or)
— Exclusive OR b XOR  (both is not accepted)
2 Discrete Structures (1) First Semester - 1445
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* To find the truth value of a given compound proposition, we create a
truth table.
— Start with a column for every propositional variable in the preposition.
— Hrows = 2#variab|es

Negation: —p Conjunction: pA q Disjunction: pVv q Exclusive OR: p ® q
p -p p q PAq p q pvq P q PDaq
T F T T T T T T T T F
F T T F P T F T T F T
F T r F T T F T T
‘ F F r F F F F F F
« Example: * Example * Example * Example
p :The earth is round. p :lamat home. p :lamat home. p :lam at home.
—p: q :ltisraining. q :ltisraining. q :ltisraining.
o ltis not the case thatthe AQ vVa:
earth is round PAG: o pvg: pPDag:
o The earth is notround. I'am at home and it is raining I am at home or it is raining | am at home or it is raining

but not both

3 Discrete Structures (1) First Semester - 1445
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Agenda

* Connectives
— Wn; contrapositive, inverse, copyerse

— Biconditional
w

* Truth tables of compound propositions

* Logical equivalence

* Propositional satisfiability

4 Discrete Structures (1) First Semester - 1445
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Implication , e u

* If p and g are propositions, then p —gis a cgnditional statement or implication
which is read as “if p, then g”.

p—q
-

q
-
()
T T
F

e |t has this truth table:

M M| 4|

* Example: If p denotes “l am at home.” and g denotes “It is raining.” then p—gqg

denotes “If_l am at home then it is raining.”

*Inp—gq, pisthe W!S and g is the conclusion.

o2 L )
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Understanding Implication )3
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* In p > gthere does not need to be any connection between the
hypothesis or the conclusion. The “meaning” of p — g depends only
on the truth values of pand g.

* These implications are perfectly fine, but would not be used in
ordinary English.

— If the clouds are made of cotton candy, then | have more money than Bill
Gates.

—if UQU is opened every Friday then 2 is a prime.

6 Discrete Structures (1) First Semester - 1445
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Understanding Implication (cont) ﬁ
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* One way to view the logical conditional is to think of an obligation or
contract.

— “If  am elected, then | will lower taxes.”

— “If you get 100% on the final, then you will get an A"

"T'——vF

* If the politician is elected and does not lower taxes, then the voters
can say that he or she has broken the campaign pledge. Something
similar holds for the professor. This corresponds to the case where p
is true and ¢ is false.

7 Discrete Structures (1) First Semester - 1445
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* Assume you have these propositions: .
0 :Youexercise three times a week.  §3=0\ f Z'$3 O o

r —-——

r :You follow a low-carb diet. a g &

g :You lose weight. ‘s ~
p q p—q |Explanation

7
T T T It is accepted. If you exercise, then naturally you will lose weight.
T F F It is rejected. Since one of the causes is true, the result must be fulfilled.
F T T It is accepted. There are other causes to lose weight not just exercising.
F F T Itis accsgted. If the you don’t exercise, then you may not lose weight.
8 Discrete Structures (1) First Semester - 1445



Different Ways of Expressing p—g Y
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mt\‘{'w‘t&r&;‘ :.'9_}9

if p, then g, pimplies g

if p, g ponlyif g

q unless —p gwhen p

qif p

g whenever p is sufficient for @
q follows from p q is necessary for p

a necessary condition for pis g
a sufficient condition for@st@

Discrete Structures (1) First Semester - 1445
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Converse, Contrapositive, and Inverse
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* From p—»g we can form new conditional statements:

4= f Cenvese P

q—p is the converse of p—¢g
—g—>-p is the contraeositi¥e of p—q P__;, q, __‘ql —_—> ) P
ap—q is the inverse of p —¢q P—s q __1{3___;'%

-—1[3—9-‘% P""Cb

10 Discrete Structures (1) First Semester - 1445




Example S . u
sk G QORN g SIS oerop R d3e0 s

Find the converse, inverse, and contrapositive of “It is raining is a

sUfficient-condition for mg not going to town. P suffrcent 9
I‘F +S. ’('Cﬁ“iﬂj e T wm nox oty vo

(f P +hen U
* p=Itisraining q = I'm not going to town Aan
converse: qg—p pP— 9, 19 P
If I'm not going to town, then it is raining.
inverse: A p—>q
If it is not raining, then I'm going to town. P—> % ~f—==9

contrapositive: —g—>-p
If I’'m going to town, then itis not raining. p — Y —q, = 7 P

!
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* If p and g are propositions, then we can form the biconditional statement, p & q, read as “p if
and only if g ”

e H

« It has the following truth table: P a |pP<q
T T T v
T F 8
. F T
P fga cmc' on"i/oc % r : .

* If p denotes “l am at home.” and g denotes “Itis raining.” Then p«<g denotes “l am
at home if and only if it is raining.”

12 Discrete Structures (1) First Semester - 1445
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Expressing the Biconditionals

A
* Someralternative ways “p if;andwonlysif g” is expressed in English:

— pis necessary and sufficient for g
—  — _ifp then g, and conversely L St s b=l

— piffqg

13 Discrete Structures (1) First Semester - 1445
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Truth Tables For Compound Propositions U

h 1ol
e Construction of a truth table: Construle  truk

<
22« Rows d.%‘\s,cu Wit ohel o R 22 2=
— Need a row for every possible combination of values for the propositional
variables. 33F |G |\
— The number of rows in the table with n variables = 2™ 3 \ 1) 1 9
\
2’ e Columns. PAQ

— Need a column for the compound proposition (usually at far right)

— Need a column for the truth value of each expression that occurs in the
compound proposition as it is built up.
o This includes the propositional variables

14 Discrete Structures (1) First Semester - 1445
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Example Truth Table Mwl[ﬂ_m
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(o0 Ao st
e Construct a truth table for:

r Pw ?Epvqj:gﬂ

P | A

T | T |7 T

T |+ |F |T “" "’
T | & |7 T b F
+|F |\F T T |7
. + F T T T
F | = T F & |7
Fle | |F T

First Semester - 1445
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e Construct a truth table for:

pV q— —r

p q r —r pvqg |pvag-o-r
T T T F T _F_F
T T F T T T

T F T F T F

T F F T T T

F T T F T F

F T F T T T

F F T F F T

F F F T F T

16 Discrete Structures (1) First Semester - 1445



Precedence of Logical Operators
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= \ A
0-9-—0 iy -~

—

-

Operator Precedence
B 1 (OSN3
A 2 2
Vv 3 )\
—> 4 Grﬁ""\
D > w\.n:-‘\ 4‘:':':’")\

— - ~ (
7,,03 Kuu_——” w92 D
@ is equivalentto (p vq) = —r . - NN

If the intended meaningis p v(g - —r ), then parentheses must be used.

17 Discrete Structures (1) First Semester - 1445
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Hrw b

TRUSAET

PAS, | =9 |PAYVY
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e Connectives

— Implication; contrapositive, inverse, converse
— Biconditional

* Truth tables for compound propositions

* Logical equivalence

* Propositional satisfiability

18 Discrete Structures (1) First Semester - 1445
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Classification of compound L)
propositions e st
; "c\cv"P\'J_glx Q\s ez Yo bol
. o9y
% * A tautology is a proposition which is always true.
—Exampleipv—lpl Q’T).&‘pﬁl ),P| NS \o' o UA-P U)LPLL‘J r""b
F\ * A contradiction is a proposition which is always false. S\ 55
! — Example/p/\—lpj
* A contingency is a proposition which is neither a tautology nor a
contradiction, such as p [a;—_y > ol G\ eI NN AT S
&uf-lb\bj‘] m'ﬂ
p -p pv-p | PpA-p
T F T F

T T F
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* Two compound propositions p and q are logically equivalent if
pe>q is a tautology.

* We write this as p&qg or as p=gwhere pand gare compound
propositions.

* Two compound propositions pand g are equivalent it and only
if the columns in a truth table giving their truth values agree.

R —

20 Discrete Structures (1) First Semester - 1445




Equivalent Propositions il
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v

—-)—-P= (P-edl/)o* O X G, dra® eisc

* Example: Show using a truth table that the conditional is equivalent
to the contrapositive.

— Conditional: p — q Contrapositive: =q = =p
v ‘/ = [ 4_’ \
P; >— cV‘v -~ P "10,/ —1‘3_,_-——9 - P

T
-
¥
F

T R U i (e J

(P—>9) = -g~"F

21 Discrete Structures (1) First Semester - 1445




Equivalent Propositions il

 Example: Show using a truth table that the conditional is equivalent
to the contrapositive.

— Conditional: p — q Contrapositive: =q = =p
p q -p ~q p—q ~q—-p
T T F F T T
T : : T . .
F T T F T T
F F T T T T
p—q<~qQ—p
22 Discrete Structures (1) First Semester - 1445



Equivalent Propositions
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* Example: Show using a truth table that
—pV q is equivalentto p — q.

e Lo |- |feval [[P—

T LTIE||T T | apvy = P9
ThLF | F ||F +

FLE T |T |||

First Semester - 1445
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* Example: Show using a truth table that
—pV q is equivalentto p — q.

p q -p -pVq p=>q
T T F T T
T : : F F
F T T T T
F F T T T
p—2>qQep—(q
24 Discrete Structures (1) First Semester - 1445



Using a Truth Table to Show Non-Equivalence
G—F

Example: Show using truth tables that neither the converse nor
inverse of an implication are not equivalent to the implication.

-:f—;:;—ﬂ‘:l} P—q
(P} g & 3 (<Pl (42P) DU s

UUUUUUUUUUUUUUUUUUUU

el ¢ | P |9 | =P | -P="F|P—=%
T T F — F T T T
T4 F | F + T T F
F,_,_.‘T T~ +bF F F T

Fl R+ | T | T | T -

25 Discrete Structures (1) First Semester - 1445
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Example: Show using truth tables that neither the converse nor
inverse of an implication are not equivalent to the implication.

Converse: q = p inverse: p = q
Implication: p — q

p q -p ~q P>q |-p—=-a| a=p
T T F F T T T
T F F T F T T
F T T F T F F
F F T T T T T

26 Discrete Structures (1) First Semester - 1445
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-(pAq) =-pVq

—|(p V q) = P N —q X Augustus De Morgan
1806-1871
by, sd t...;--*\_gﬂ o\

This truth table shows that De Morgan’s Second Law holds.
p q -p ~q (pVa) ~(pVa) ~pA-q
T T F F T F F
T F F T T F F
F T T F T F F
F F T T F T T

27 Discrete Structures (1) First Semester - 1445




Key Logical Equivalences

»\2 ~~

* |dentity Laws: pANT =p |, pVF=p _~
> e

* Domination Laws: pVT =T pANF=F ,—
Ve

* [dempotent laws: pAD=p |, pVp=p

2572 f 1
* Double Negation Law: —(—p) =Ep

* Negation Laws: pV-p=T, pA-p=F

28 Discrete Structures (1) First Semester - 1445




Key Logical Equivalences (cont) Ll
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* Commutative Laws: pANgqQ=qgAD ) pvVqg=qVp
SV (TAW)
e Associative Laws: (bAQ)INr=pA(gAT) =(SVT) NEVW)
Vo vWr=pv(gvr)
u—\, AN =52 a8 t—"—--"ﬁs 0‘;&

* Distributive Laws: (p V (q (\}r)) =(pVvg)A(pVrT)

27 (pA@@VT)=@AQV (pAT)

ool 3 Y N D)
* Absorption Laws: (pv(@AQ) =D, (pA(@VQ)=p

(PVP) N (pVN
29 sﬁ"te r First Semester - 1445
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TABLE 7 Logical Equivalences TABLE 8 Logical
Involving Conditional Statements. Equivalences Involving
> oo Biconditional Statements.

peqg=P—>q9rg—=p)

p—>q=-qg—>—p

peq=-po—q
p<eqg=(pAq)V(—pA-q)

PNGg==ip->q
PAg=—(p—> —q)

~(peqg=po g

—(p—>q)=pANA—q

(P=g)A(p =) =p—>(QAT)

(p>r)ANg>r)=(pVg) >

(p—=>qg)v(p—>r)=p—>(@Vr)
(p—>nr)v@g—->r)=(pAg)—>r

30 Discrete Structures (1) First Semester - 1445
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Constructing New Logical Equivalences
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* We can show that two expressions are logically equivalent by developing a

series of logically equivalent statements.

v v
 To(prove/that A = B we produce a series of equivalences beginning
wi and ending with B.
A

A=A

= A, =B
A, = A E@

* Keep in mind that whenever a proposition (represented by a propositional

variable) occurs in the equivalences listed earlier, it may be replaced by an
arbitrarily complex compound proposition.

31
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Equivalence Proofs iy
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Example: Show that —(p V (—p A q)) is logically equivalent to —p A —q
ﬁ(PV(— P/\q/)) 1P }\E\(-‘p/\%)] De Morgan
ﬂP/\(-ﬂ—wPV—\OU) De Mo&sFon

7P /\(P V-4)  deubte negapron

(TPAP) V (PN-09)  Distrbwkron

+ N (ApPA-Y) (-PAP=F)
aPN-Y Tdenty

32 Discrete Structures (1) First Semester - 1445
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Equivalence Proofs il
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Example: Show that —(p V (—p A q)) is logically equivalent to =p A —g

Solution:
(pV(—=pAq) = —-pA-(-pAgq) by the second De Morgan law
= —pA[=(=p)V g by the first De Morgan law
= -pA(pV—q) by the double negation law
= (—pAp)V(—pA-q) by the second distributive law
= FV(-pA-q) because “p Ap=F
= (—pA—q)VF by the commutative law
for disjunction
= (—pA—q) by the identity law for F

33 Discrete Structures (1) First Semester - 1445
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Equivalence Proofs il

UUUUUUUUUUUUUUUUUUUU

R
Example: Show that (p Aq) = (pV q) isa tautology. T

Solution:

(pAq)— (pVq) -(pAq)V(pVq) by truth table for —

' (-pV —q)V (pVq) by the first De Morgan law

(=pVp)V(—qVq) by associative and
commutative laws

laws for disjunction

= TvT by truth tables
= T by the domination law
34 Discrete Structures (1) First Semester - 1445
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e Connectives

— Implication; contrapositive, inverse, converse
— Biconditional

* Truth tables for compound propositions

* Logical equivalence

* Propositional satisfiability

35 Discrete Structures (1) First Semester - 1445
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Propositional Satisfiability
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* A compound proposition is satisfiable if there is an assignment.of

truth values to its variables that make it true. "o crm\ T -
Sah s Puubles— T Qs S\ ° ¥ Vi

A compound proposition is unsatistiable if and only if its negation is
true for all assignments of truth values to the variables, that is, if and

only if its negation is a tautology. T S 2 ¢ oY

* When we find a particular assignment of truth values that makes a
compound proposition true, we have shown that it is satisfiable; such
~an assignment is called a solution. Wt Iw\eoR( E P [alZide
T e
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Questions on Propositional L)

Satisfiability P
Example: Determine the satisfiability of the following compound
propositions: p—o>T q.—T T
» (pVg) A(gV—r)A(rV-p)  (rve) NTVE) A (Tve)
Solution: Satisfiable. Assign T to p, g, and r __,’_\ ;_—:—‘_T& WSeL2
T T
c (pVagVr)AN(—pV gV -r) P=T 4=T Vv=F

Solution: Satisfiable. Assign T to pand F to q.

* (pV g AgV—or)AN(rV=p)A(pVagVr)A(=pV —qV-r)

Solution: Not satisfiable. Check each possible assignment of truth
values to the propositional variables and none will make the
proposition true.

37 Discrete Structures (1) First Semester - 1445
S



Example: Determine the satisfiability of the following compound
propositions:

* (P 2g) AgV ) A(rV p)
Solution: Satisfiable. Assign Tto p, g, and .

P 9 r -q pPv-|q -r qv-r  -p  rv-p (qv-r)A(rv-p) (pv-g)A(qv-r)A(rv-p)

T F § F T F T F T T T
¥ F F T T T F F F F
T F T T T F F F T F F
T F F T T T T F F F F
F T T F F F T T T T F
F T F F r T T T ¢ T F
F F T T T F F T T F F

 (PA=g) A (Vo)A (rV-p)A(pVgVT)A(-pV gV -rT)
Solution: Not satisfiable. Check each possible assignment of truth

values to the propositional variables and none will make the
proposition true.

M m m M - - - - e
m M A=A mm 4 Afa
LT R T k]

~q PV:4  Cr Qgr P VSR qUr pVQUE mqVar pVogyer (PVaVr)A(-pv-qv-r)  (rV-p)A(PVAVI)A(-pV~qV-r)  (QV-r)A(rV-p)A(pVaVr)A(-pV-qV-r)  (pV-q)A(qV-r)A(rv-p)A(pVqVr)A(-pV-qV-r)
F T F T F T T T F F F F F 3
F T T T F F T T T T T F F F
T T F F F T T T T T T T F F
T T T T F F F T T T T E r F
F F F T T T T T F i T T T E
F F T T T T T T T T T T T F
T T F F T T T T T T = 7 : g
T T T T T T F F T T F F F F

T lleg) AZ X



What is Next? iy
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 Read sections 1.1.3,1.1.4, 1.3.1 to 1.3.5 of Rosen’s book.

* Practice and solve the practice sheet in the Blackboard (all exercises).
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