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1- Vector Multiplication

S GJyue
1-1- Scalar Product (or dot product)
A NN

Consider 4 = 4.a, + Aja,+ A.a, and B =B .a~+ Ba + B.a,
Ol o o d
We define the scalar product (or dot product) of vectors 4 and B as

— |Ake & (0p) Sfrao
AeB= ‘A‘B‘cos Bl 8 OF Shan
A J) e (4 ¢ (A) Bl =(B)+ (B, (B.)

where 6 1s the smaller angle between A

and B F R 0-)2-Cosus




1- Vector Multiplication

1-1- Scalar Product (or dot product)

We can prove that A-B= AB.+ A B, +AB,

Some characteristics of scalar product: ap = gUM[ -
+ Two vectors 4 and B are said to be orthogonal (or perpendicular)
with each other 1f

AeB=0

¢ A-B=B-4 (commutative law) oadv 0\

¢ Z.Z:_—‘Ar: A2

¢ Ae(B+C) = A-B+ A C (distributive law) ess’, 230




1- Vector Multiplication

A AT
1-2- Vector Product (or Cross Product) AX%
- —

We define the vector product of vectors 4 and B as

A B ‘AHB‘sin a,

where @, 1s a unit vector (i.e.,
Aand B

an‘ 1) normal to the plane containing

The direction of a, 1s taken as the direction of the right thumb when
the fingers of the right hand rotate from A4 to B as shown in figure.




1- Vector Multiplication

1-2- Vector Product (or Cross Product)

and 1ts magnitude 1s written as AXB

‘A xB‘ - ‘AHB‘sine

a,

which is the area of the parallelogram
formed by 4 and B (see Figure)

*4 B d.ﬂt__.-"_—(?t'-."" Ax@ /\_;;-’
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Area:‘AXB‘ A.)(B




1- Vector Multiplication

1-2- Vector Product (or Cross Product)

Q

4

4

a, a,
Wecanprovethat  AXB =4, A,
B. B,

SVRNN

Z

AXB =(A,B, —A.B))a,-(A.B.— A.B,)a, + (4B — A,B )a,
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2- Coordinate Systems
2-1- Cartesian Coordinates (X,y,z) v, & slsd &

z 1z
z I P' is the projection B N -
— 00 (X(+ 0 T b(x.y.z) | Of P on the plane-xy ‘ax‘ = ‘ay‘ = ‘az‘ =1
— 00 Y(+ o0 . = | =
a1 a,.La, la,
—00(Z{+ © y oy } : )
~ a 2, y
X P'(x, y,0) X Ay QAy Az
- .
L ~ 0 p N~ L2
ax ax:ay.ay:az az:]' axxay:az 1 =wise
éx . éy = éX éZ = é:y éZ = O éy X é:Z = éX a-_;'-\s‘/\PJ"M’J "-«D-.-—-J
‘g _ R = _ = = - - - OAP\’-:-/"
a, xa, =da,xa,=a,xa, = a, xa, =4, -
A vector A in Cartesian coordinates can be written as [ *‘\
A=(A.A,A) or A=Ad +Ad +Ag, ay 92



2- Coordinate Systems

2-1- Cartesian Coordinates (X,vy,2)

Magnitude of the vector A is written as _ Q=L Jaens
A =30y 20y x5az

e A=JAY +(AY +(A) \7) - [Tt 2
53T

V,;\ 2-2- Circular Cylindrical Coordinates (p,4.2)

¢\

é . IZ -) p 1s defined as the distance from the
0<p(oo | origin to point P' or the radius of a
0<@(27 cylinder passing through P (the z-axis Is

Its axis of symmetry)

ZpP(p.¢2)

—00{Z(® Y ) ¢ called the azimuthal angle, is
‘ measured from the positive x-axis taken
P'(p,6.0) T -, :
X As reference and the line from origin to P

In the xy-plane.
-) z Is the same as in Cartesian system,



2- Coordinate Systems

2-2- Circular Cylindrical Coordinates (p,d,z)

a,a,=a,-a,=4,-a,=1

:p-*fquoﬁzzéqj-éZ:Q_

ad, xd, =a,xd,=4a,xa,=0
J 4 xd, =4, PN

A¢X§Z:a}p p\_»Z

a xda =a

a , points in the direction of increasing p, &, in the direction of
Increasing ¢, and & In the positive z-direction.




2- Coordinate Systems

2-2- Circular Cylindrical Coordinates (p,d,z)

Avector A in cylindrical coordinates can be written as
A=(A A, A) or A=AF +Ad, +AjZ,

Magnitude of the vector A is written as

_ N A =Puoy+Ay g thed,
A=A +(A) +(A) A =hpo,+ Apop+hA2L
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2- Coordinate Systems

e
24 . .
< 2-3- Spherical Coordinates System (1.0, 9)
A Z e 2'.’:_{. d):D
Z u\\

0<r{ow P (r.0,9)

0 Sggﬂ' 0 r |

0<¢(2r y
7

X
-) r is defined as the dist%nce from the origin to point P or the radius
of a sphere centered at the origin and passing through P,

-) 6 (called the colatitude) is the angle between the positive z-axis
taken as reference and the line from the origin to P,

-) ¢ Is the same as defined in cylindrical system.
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2- Coordinate Systems

2-3- Spherical Coordinates System (r,0, @)

Z T
P(r’9’¢) - - - -
a & points in the direction of
Tl s, lncreasingr,
- d, points in the direction of
o i ' '
4 g, Increasing o, o
: > 8, points In the direction of
/ ‘ increasing ¢.
A== a,|=1.
cLa,La,
d -a =4d,-d,=4d,-d,=1
a,-8,=4-8,=4d,-8,=0

12



2- Coordinate Systems

2-3- Spherical Coordinates System (r,0, @)

a, xa, =d,xda,=3a,xd,=0 [r‘ “\
a, xd, = a, O ¢
a,xad, =4a,

A vector A in spherical coordinates can be written as
A=(A A A) or A=AZ +AF,+AF,

Magnitude of the vector A is written as

A=A +(A) +(A)

13
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3- Relationships between Cartesian and
cylindrical systems

X=pCOS¢, Yy=psing

_ 1y 9y _
P=AX+Y", |g=tan"| = [+nx where n=0,1or2 and0<¢<2x

— X
tan{ Y| if x>0and y>0 P’
X, i _L
tanY ¥ +7 if x<0
X 5 y
4= tan ¥ |+ 27 if x>0and y<0
=< X ) —— PR
7 if x=0and y>0 ¢
2 | — 0 -
37” if x=0and y<0
lundefined if x=0and y=0 »
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Wnie e Caviesian [oCatr o7 (3,%,2) r A
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3- Relationships between Cartesian and
cylindrical systems

a,

Cosga, —sin g a, Y4

Qy
<
|l

Singa, +Ccosg a, I

JA yA

Q|
|l
Q|
o
<
A
ey

d,=cosga, +singa, ;X
d,=—-singa, +cos¢a,
a =a,

Example: Given a point P(-2,6,0) and a vector A = ya, +xa,

a) Express P and A in cylindrical coordinates system

15




3- Relationships between Cartesian and
cylindrical systems

p=+x*+y? =/4+36 =6.32m

$ = tan 1(1j +180° = tan 1(£j +180° =108.43°
X

Thus, P(~2,6,0) = P(6.32,108.43,0)

g
Il

ya, +xd,

A= psin g(cosga, —sin $a,) + pCcos¢(sin gpa , +cos¢a,)

A= (psin gcosg+ pcosgsin ¢)a, +(—psin® ¢ + pcos’ ¢)a,

16




3- Relationships between Cartesian and
cylindrical systems

b) Evaluate A at P in the Cartesian and cylindrical system

—
—

In Cartesian system : A=ya, + xa,

P(-2,6,0): A=6d, 24, atP in Cartesian system

In cylindrical system:

A= (psin gcosg+ pcosgsin ¢)a, +(—psin® ¢+ pcos’ ¢)a,

. 6
At P(6.32,108.430): p=6.32m, sinj=—7=, cosp=—r

—

A=-3.794a, —5.060a, at P In cylindrica |system

17




Example: Given a point P(-2,6,0) and a vector A = yd_ + xd,

a) Express P and A in cylindrical coordinates system

x Y z S P =
P(-2 60) —» pP( o)
P =lxgrt = Jarte® = 632
P = bar ()= tm“(;‘}) = =#-5+180
= O3y

P(e32 , o8y, o)
——————
_A- = 3 &-x T X a\y
R = psind(@398 -5m9dg) 4 Prasp(snPd, o594,

W

U

JS.‘n“P@SyCII\J .fs.'rl?_';o(»(\y .rf(osy.c,'ng) é} .,s-‘chgz,O (%

)-ﬂrv = (Lsn Peas P+ Pros dsin p)&;o-r (—fsnzy + ol P }0/1;

b) Evaluate A at P in the Cartesian and cylindrical system

(-'2, 6 ,0) C6-32 , [08.43, 0)

Cot sy

-

A ~ A
A*:. yag—\'xay = 60,(—20‘)/
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ey VA YY y A T i € 0)n
A Q N g)io’S? +~PCOS?!)/{P)%0 +[JD§N" Sﬂ -rf(osmj%
6.32 \Oz,u;

. (6-32 Srn {06"43’(:05[08-‘43)0:)0 +(- 632 S Jo 947 €32 R
Cos® /08-'490!5]

A — -3 1 - 5.060
4%%0 5.060¢



3- Relationships between Cartesian and
cylindrical systems

18




4- Relationships between spherical and

cylindrical systems

p:rsinH r:\/p2-|-22

p=9 0 tanl('onrn where n=0orl,and 0<@8<
= —_— T, = ; _ /A
Z=1rC0SH 7
P=¢
ol 90
tan if z>0

-1

NI NI T

tan +7 if z<0and p=0

O=<m If z<0and p=0
% if z=0and p=0
Undefined if z=0and p=0

19




4- Relationships between spherical and
cylindrical systems

,=8In60 &, +cosd a, La

5 _ 3 ) )

’ ’ ) ‘/az ap

a, =cosfda, —sinoa, 9

a, =sinfda, +coso a, 0

d, =cosfda,—sin 0 a, - %

Q|
I
Q|

¢

20




A, 5 é‘,.\-—a'h;‘:_? o vl
('fzf,e) —_—D [.P:g/Z)

N
LP'-: r&$moe Ao = 510 af +CosO@a9
2 =-rCose Q, = Cosba,- S-'qe&e
? = p af =a?

Efample =
Convere $ror Cﬂ indvical to gspherical
S 2 r .¥ ,6



5- Relationships between spherical and Cartesian
systems

2 2 2
PP =x2ry?  r=ypt+7? r=yx*+y2+z

/ 2 2
Q—tanl[ X *y }Lnnwhere n=0orl;and 0<f0<r
Z

¢:tan1(lj+n7z where n=0orlor2;and 0<¢ <2x
X

Yo,

21
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(%, y:2) —» 9,00

_ "N _ < - n <. ; -~ A
Y=J tt4yiy 22 Oy =S 0cos Py $405in P, + (osHa,

0= vor'({Egs) fprconimtt,  esnghuih
<
P - Ea"-(Z) Ci\¢ = —gl'ﬂ.¢ O!F_ + CoSGDO(/
X

:(j::-l,ks SH cf’; gpc)"agfdl
(J)’SP,@) — (f/Y/Z)

)( = YSind COSP Az - SN chsgﬂé-\/-r s0Cosf) G- Sy &4}
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5- Relationships between spherical and Cartesian

systems
2 2
anY Y | it 250 tan™ y if x>0and y>0
YA X s e
| A +y? — al Y -
tan . +7 if z<O0and \x*+y? #0 tan ” +7z If x<0
_ 2 _
O=1z Wz<Oandyx +y = _JtanY Y |+27 if x>0and y<0
T 2 ¢_< X Er——
— if z=0and \\x“+y° =0
= zif d
Undefined if z=0and /x?+y? =0 o If x=0and y>0
3r .
) If x=0and y<0
lundefined if x=0and y=0

22




5-Relationships between spherical and Cartesian
systems

X=pC0S¢ p=rsiné

X =rSsin ecogg
y=psing p=rsind
Vo=alaSIR=6SiRng Z=1C0S0

23




5-Relationships between spherical and Cartesian

systems

d, =sinda,+cosd a, S
d,=cosga, +singa, a , a,
d, =sin 0 (cosga, +sin ¢a, ) +cosé a, 0
—— o - a
a, =sIin cos¢ a, +Sin ¢9S|n¢ay+cosé’aZ >0

1a
. L ) y
d, =cosda,—sinda, d, i,
d,=cosga +singa, ¢ ;

d, =cosf(cosga, +singa,)—sin b a,
d, =C0sfcosg a, +cosOsinga, —sin 0 a,

d,=-singa,+cosga,

24




5-Relationships between spherical and Cartesian
systems

Q|
<
I

cosga,—singa,

Q|
I

Q|
I

,=sin@a +cosb a, 4, a,
. . L 0
, =C0S¢ (sin 04, +cosd a,)—sin ¢ a, 0 )
:aH

d, =sin §cos¢ a, +cosdcosg a, —sin ¢ a,

5 =sindé a i q E

a, =singa, +Ccos¢g a, a, y .

— - — — P
,=sin6a, +cosd a, y

d, =sin ¢ (sin #a, +cosd a,)+cosg a, ¢

a, =sin gsin ¢ &, +cosdsin ¢ &, +cos¢ a, >3y

a, =cosfda —sinoa,

25



6-Vector position and Differential element In
length

Consider a point P located in space, and consider the direct arrow
extending from the origin to this point P. This arrow is known as the
position vector . A position vector iIs an alternative way to denote
the location of a point P in space.

26



6- Vector position and Differential element In

length
3-1- Cartesian coordinates system
Z A 5 T R R
2 P(X,Y,2) Z 4 q e - =Ar
F r, 5
za, ~
rl L
Xéx >y Q ﬁ\y "
D= A)(G.x—\- Dyoty .}-&2&7
ya “P'(x,y,0) =dxax 4 dgyay +d%
y
: : O,

= X8, +Ya, + 124,

4
‘f’!.;?(zdk)( = }/2_&7 ‘\'2'20'

When ¥, —F = AF — 0 (i.e., AT =df =dI),

dr =dl =dxa, +dya, +dza, /
’(YJ'\-:/U‘“\-;\'?"»Q ¥, o el Ll




6-Vector position and Differential element In

length
3-2- Circular cylindrical coordinates system
YA A
e P(p,¢,2)
N Z A

=l

za,
y

/,0 , P 60) 5
X
r=pda, +12a,

R X
dr =dl =dpa, +pdd, +dza8, g =cos¢d, +sin ¢4,

D)

—- =-singd, +cosga, =a, — dd, =dga,

dr =dl =dpd, + pdgd, +dz4d,

"\:‘-‘\ Té’?%\ S B Y

28




6-Vector position and Differential element In
length

3-3- Spherical coordinates system

L4 P(r101¢)

=l

T

*  |[F=ra

X
a, (0,¢) =sin Ocosga, +sin Osin ga, +cosda,

da = % gg

" 00 Y, d

29




6-Vector position and Differential element In
length

da, = (cosdcosga, +cosdsin ga, —sin 6a,)do +
(—sin &sin ¢4, +sin &cosga, )dg

da, =dd(cosfcosga, +cosdsin ga, —sin 6a,) +
sin @dg(—sin pd, +cosga,)

da, = dOa, +sin Hdga,

df =dl =drd, +rd@d, +rsin 0dgd,

o) G AN Qb Sa T S

30
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e [va deical ?:fa} % z&, dl - dra, +.AdY a)m* dza,

ml
e<

N

$
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7-Vector Position and Differential Element in

: = ('Lbk.i‘\
7-4- Polar coordinate system

4 e P(r,0)

r S'.AQ

r=ra
r

dr =dra +rda) a
da o ﬁ\q
0 —sinfa, +cosfa, =a, =
dr =dra +rdbfa,

@ 0,3\:16\] CN){QI\ :-'\_;“4&1\ G . Q:'R:ﬂj\-:‘\:‘\"”i\gq)




8- Dot Notation

2
DotNotation:@:jc, Q:)}, %:Z', d Z:jj d_p:p
dt dt dt dt’ dt
dg . dr . d . _ dr -
—:9’ —:]/', —¢:¢’ V=——=Y)
dt dt dt dt
We will use this dot notation extensively. It means
Y Dl DbE Y Jst J
. o 4o R ’ R . y
differentiation with respect to time, ¢, only. Y= Z
- Jy
dy _ ., . J JE
- =)V F)y
dx ,
I N alZSaf p20 L
X :
b Sy




