CHAPTER 1
The Wave Fanceon
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Question 1 If you selected one individual at random from this group, what is the probability
that this person’s age would be 15?
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Question2 What is the most probable age?
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Question3 What is the median age? —
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Question4 What is the average (or mean) age”?
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Question5 What is the average of the squares of the ages?
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Problem 1.1 For the distribution of ages in the example in Section L3.1:

«~1a) Compute (j2) and (j)?.

v (b) Determine Aj for each j, and use Equation 1.11 to compute the standard deviation.
2LAC) Use your results in (a) and (3) to check Equation 1 12.
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Problem 1.2 c*
(@) Find the standard deviation of the distribution in Example 1.2.
(b) What is the probability that a photograph, selected at random, would show a
distance x more than one standard deviation away from the average?
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Problem 1.3 Consider the gaussian distribution

p(x) = Ae ™MD,

where A, a, and XA are positive real constants. (The necessary integrals are inside the

back cover.) > ‘°p 6 9% =
(@) Use Equation 1.16 to determine A. \S' ) -

(b) Find (), (x?), and 5.
(c) Sketch the graph of p(x).
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Problem 1.4 At time ¢ = 0 a particle is represented by the wave function

e Mo 0 S X S a,
Y(x,00)=3Ab—x)/(b—a), a<x 5!_3_.
0, otherwise,

where A, a, and b are (positive) constants.
—4> (@) Normalize W (that is, find A, in terms of a and b).
—» (b) Sketch ¥(x, 0), as a function of x.
—® (c) Where is the particle most likely to be found, at = 0?
~& (d) What is the probability of finding the particle to the left of a? Check your result in

the limiting cases b = a and b = 2a.
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Problem 1.5 Consider the wave function . _AIl (Wt
W(x,t) = Ae Mlegder Y= Ae

where A, A, and w are positive real constants. (We’ll see in Chapter 2 for what potential

(V) this wave function satisfies the Schrodinger equation.)

(@) Normalize W.

(b) Determine the expectation values of ian(u_z.

(c) Find the standard deviation of x. Sketch the graph of |W|?, as a function of x, and
mark the points ((x)+o) and ((x) — o), to illustrate the sense in which o represents
the “spread” in x. What is the probability that the particle would be found outside
this range?
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Problem 1.7 Calculate d (p) /d%; 5 P ewti duerg
oot M_< 3") s (138)
dr 0x :

This is an instance of Ehrenfest’s theorem, which asserts that expectation values obey the
classical laws."
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Problem 1.15 Show that
d o0
— ' =
dt /; - 1 ‘p2 d.x 0
for any two (normalizable) solutions to the Schrdodinger equation (with the same
V(x)), ¥1 and Ws.
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suppose that it is determined that a particle has a wave
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Problem 1.9 A particle of mass m has the wave function
V(x, 1) = Ae—al(mx?/R)+it]

where A and a are positive real constants.

(a) Find A.

(b) For what potential energy function, V(x), is this a solution to the Schrodinger
equation?

(c) Calculate the expectation values of x, xZ, p, and p2.

(d) Find o, and o,. Is their product consistent with the uncertainty principle?
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Problem 1.9 A particle of mass m has the wave function
W(x, 1) = Ae~ellm*/R)+ir]

where A and a are positive real constants.

(@) Find A.

(b) For what potential energy function, V(x), is this a solution to the Schrodinger
equation?

(c) Calculate the expectation values of x, x2, p, and@

(d) Find o, and o,. Is their product consistent with the uncertainty principle?
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Problem 1.16 A particle is represented (at time ¢ = 0) by the wave function

W(x,0) = IA(az R i
otherwise.
(a) Determine the normalization constant A.
(b) What is the expectation value of x?

(c) What is the expectation value of p? (Note that you cannot get it from (p) =
md (x)/dt. Why not?)
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(d) Find the expectation value of x2.

(e) Find the expectation value of P2,

(f) Find the uncertainty in x (0,). &%= m >*

(g9) Find the uncertainty in p (ap). 6P =J <P2> <>t

(h) Check that your results are consistent with the uncertainty principle.
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Table of Useful Integrals, etc.
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Integration by Parts:

b

b
fUdV = [UV]b —deU U and V are functions of x. Integrate fromx=atox=b

fsin(ax)dx = —écos(ax)

sin(2ax)

fsinz(ax)dx = %— »

fsin3(ax)dx = —écos(ax) + écof(ax)

3x 351n(2ax) sin3(ax)cos(ax)

foin' (ax)a 8 16a 4a
offo-t)s]_sinfo )]

fsm(ax)sm(bx) ( - b) 2(a " b) where a® = b’

fcos(ax)cos(bx)dx= z(a—b) + 2(a+b)
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جدول تكاملات وقوانين مهمة


—COS

sin( ax |cos| bx |dx = [ _
e i

fxsinz(ax)dx _ %2_ xsin(2ax) B cos(2ax)

4a 8a’
2 Sinz(ax)dx _ x_s_ (ﬁ_ L\ sin(2ax)— XCOS(Zax)

f 6 k4a 8a3J 44>

fxsin(ax)sin(bx)dx _ cos [(a - b)x] _ cos [(a + b)x] . xsinl'(a - b)x-| ) xsin [(a + b)x]
2(a-b) 2(a+b) 2(a-bY 2(a+b)

fxsin(ax)dx _ sin(ax) B xcos(ax)

fxcos(ax)dx = xsina(ax) + cosa(zax)

fcos(ax)dx = siniax)

fcos2 (ax)dx = g + smgiax)

2 2 (X 1) . xcos|2ax
fx cos (ax)dx =t LE_ g} Sln(Zax)+ 46(12 )

fcos(bx)e"‘"zdx = m [acos(bx) + bsin(bx)]

Taylor Series:
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Geometric Series:
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Euler’s Formula:
e” = cos¢ +ising

Quadratic Equation and other higher order polynomials:
ax> +bx+c=0
-b=b* - 4dac
X =
2a

ax* +bx* +¢=0

i{—bi\/bz —4ac]

X =
2a

General Solution for a Second Order Homogeneous Differential Equation with
Constant Coefficients:

If: y"+py' +qy=0
Assume a solution for y:

y=e, y/=Sesx y//=S2esx
s’e™ + pse™ +ge” =0
and s+ ps+q=0

_ SI.X Szx
Hence y=ce" +c,e

Conversions from spherical polar coordinates into Cartesian coordinates:

X

y
x =rcosf

dv = r*sin0drdOd¢

O<r<x

rsinfcos ¢

rsin@sing

0<bO<m
O<¢p<2m




Commutator Identities:
18]

:21,21"]=0 n=123,

:kﬁ, ] - [ k = k[/],é]
:2+1§,CA]=[A,CA]+[A, ]
:ﬁ,éé _[ﬁ,é:é+é[21,é]
:Aé,é] = [21,@: B+ A[B,é]

Creation and Annihilation Operators

li’

St

J.

l,ml,s,ms) = (l(l + 1) - ml(ml * 1))% h
l,ml,s,ms> = (s(s + 1) - ms(mx * 1))% h

jom) = (3 1) = m, (m, =1)) 2

Atomic Units:

l’mlzl’s’ms>

Lmy.s,m,..)

j’mj¢1>

Atomic unit in cgs

Values of some atomic properties in

Quantity or other units atomic units (a.u.)
Mass m, = 9.109534 x 10~ 28 g Mass of electron = 1 a.u.
Length ao = 4neoh?/m e? Most probable distance of Is electron
= 0.52917706 x 10~ °m from nucleus of H atom = 1 a.u.
(= 1 bohr)
Time 7o = aohfe? Time for 1s electron in H atom to
=24189x 10717 sec travel one bohr = 1 a.u.
Charge e =4.803242 x 10~ '° esu Charge of electron = —1 a.u.
= 1.6021892 x 10~ !° coulomb
Energy e*/dneqa, = 4.359814 x 107 18] Total energy of 1s electron in H
(= 2721161 eV = 1 hartree) atom = —1/2 a.u.
Angular h=h/2n Angular momentum for particle in
momentum = 1.0545887 x 10~ 3*Jsec ningi=01; 2,5 A

Electric field
strength

e/a,? = 5.1423 x 10° V/cm

Electric field strength at distance of
1 bohr from proton = 1 a.u.




Operators:

TABLE 4.1

Classical-mechanical observables and their corresponding quantum-mechanical operators.

Observable Operator
Name Symbol Symbol Operation '
Position X X Multiply by x
r R Multiply by r
. 0
Momentum p P —if—
x v a.r
P i (12 +j a +k g
_ f— i — —
P o ax ) oy dz
Kineti K K L5
inetic energy -
N * ¥ 2m ox*
p F rzz(az " ik +a3>
2m \ox*  8y* 9z’
1’ 5
= —-—V°
2m
Potential energy Vi(x) V() Multiply by V(x)
Vix,y,2) V(£,$,2)  Multiply by V(x, y, 2)
o E P nof 9 " 3 N &
otal energ —— | =+ —=+—
gy 2m \dx=  9y* 97’
+ V(x,y,2)
no,
=—-—V 4+ V(x, y,2
2m
. . d ]
Angular momentum L =yp —zp. L —ih|y— —z—
= ' ‘ ! ! 0z ay
. , 3 P
L =zp —xp. L. —ihz— —x—
Y ! ‘ Y dx 0z
L =xp —yp Z:







