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Chapter 1
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Mathematical Logic




Mathematical Logic

N

 Definition: Mathematical Logic is a Method of reasoning; it provides
rules and techniques to determine whether an (argument == statement

== proposition) is valid or not X=u
2,4/¢ it X-1=5
Example: If x Is an even integer, thgn x + 1 Is an odd integer

* The statement X + 1 is an odd integer is true under the condition that X

IS an even integer Is true.
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Mathematical Logic

oL © e oF
- A statement, or a proposition, is a declarative sentence that is either true or false, but not

o . ié;—‘ \.)‘)n.)‘ J_;_‘é ~ = AT
« Uppercase letters denote propositions )\ -,

, — Examples: \& IS w3
oM« P:2isan even number (true) v
& VP

gk Q: 7 is an even number (false) ¥ G\) _ 7’5(\}614 /3 Fha’a_‘_?

c/  R:Aisavowel (true) V"

— The following are not propositions: / \——\

UVs—- « P: My cat is beautiful Nt Pevefoskioln
“? -* & Q: My house is big '/ ' Tvue false
otV "":' How beautiful is the rose? ¥Se—
s Sl T What time 1S it? U\
ol s Take a cup of tea. .ot X = 2«1
x+y=3 )
no+ Prof’ 6SiFiph

A




L_ogical Connectives
and Truth Tables

* Each proposition evaluates to either true T or false F.
O oo
« Tand F are called proposition truth values
M—-’M_f L.
In this section we look at how simple propositions can be combined to form more

complicated propositions called compound propositions. "o p T

M_n—$‘ st o,
. Loglcal connectives {negatlon and, wnclusive or, exclusive or, implication, blcondltlonal}
V N ey —>

are used to link pairs of proposmons. d-f,‘ Ko et li0uD

« The truth value of any compound proposition is completely determined by (a) the truth

values of its component simple propositions, and (b) the particular connective, or

connectives, used to link them.



. P -
:I"’)\ - ~ P P
g Negathn p (or ~p or —p or —p) P E“'P

M-{\"f“ -‘“!""":""_""
The negation of P, written —P, is the statement obtained by negating statement P
Example:
P: Ais a consonant letter. —P :Ais not a consonant letter.
Q: The circle have a volume —.IQ: The circle does not have a volume

The negation of the proposition reverse the truth value of the proposition which is

shown in the following truth table w2 U«
6/2)\ J g P P - .




There are several alternative ways of stating the negation of a proposition.
If we consider the proposition

P “All dogs are fierce’, ar e VIS /JJJ v 7 > 5
some examples of its negation are: -

- P - Itis not the case that all dogs are fierce.5= /2= &' ged v o

- P - Notall dogs are fierce. &~ /7 5> W 0SS &

- p- Some dogs are not fierce. &=/ = YA Leas

Note that the proposition ‘No dogs are fierce’ is not the negation of ‘All dogs

\}
are fierce’. e o L



op\ sl V] ez ¢
Conjunction » N (2) QL A P

e Let P and Q be statements. The conjunction of P and Q, written P *Q , Is the

statement formed by joining statements P and Q using the word|“and’

« P2 Qistrue if both P and Q are true; otherwise P~ Q s false

\za - o....rl...np v..\L,g’l S\ nd eLC' v
« The Truth Table for the conjunction is : S s a A

T4 Yo

Example:

« P The sun is shining.

1 1
« Q: Pigs eat turnips. 1 0
: : 0 1
« P AQ:Thesun isshining and pigs eat turnips. B B
Sl S C o8 g e o
' J 9/".? N
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\
The Disjunction: Let P and Q be statements. ) d_}" oY >
W The inclusive disjunction of P and Q, written P VO s true If at least one of the
U\

statements P and Q is true; otherwise, P VQ is false. The Truth Table for the

Inclusive disjunction is shown left below.

\1, The exclusive disjunction of P and Q, written P VQ is true if either P or Q Is

true but not both. The Truth Table for the inclusive disjunction is shown right
pelow, I S S0 SENN k2> a0 A

. ‘ i
=5 Lmadt T TV,
R
TI|T F
1 1 TIF|l T
1 0
FI|T T
0 1
0 0 F | F F
S

.. Inclusive or. . Exclusive or
G w0 oy , °



Examples:

Assume the propositions:

P: “Tomorrow I will go swimming.
Q: ‘I will play golf”.

Then the proposition: \/

—

“Tomorrow I will go swimming for | ‘I will play golf’. &nd "ok ootrh

seems to suggest that I will not do both and therefore points to an exclusive
Interpretation P VQ

But the propositions V

‘Applicants for this post must be over 25 @ have at least 3 years relevant.

experience’ suggests that applicants who satisfy both criteria will also be

considered, therefore ‘or’ should be interpreted inclusively PIQ.

10



o " P
Implication or condition V'’

T P —p +en @ > ‘

'— Let P and Q be statements. The statement if P then Q is called an implication or
e o = oL

caondition. It is writtenas P — Q ..
? 2!
P is called the hxgoth’esis, Q is called the conclusion

« Truth Table for Implication:
TP I Pass +hen T wi

* Notice that “if P then Q" s false only when P is true and Q_is false, i.e. a_true

|

statement cannot imply a false one.

« |f P is false, the compound proposition is true no matter what the truth value of Q.
11



Examples:

o P : | eat breakfast.

Q:ldon’teatlunch. F: T eon lyachr~
P — Q : If I eat breakfast then I don’t eat lunch

1 o I
o 1 [N
o o NERS

Let P : Today is Sunday.
Q : I will wash the car.

P—Q: Iftoday is Sunday, thefi | will wash the car P P—s then

— The contrapositive of this implication is —Q —>ﬁPI€ ! Q —2 4 7 ()
If 1 do not wash the car, then today Is not Sunday
TF | dont’ Wach +he Conv +hew Hoday is
ne \ Sumlaﬂ

12



Biimplication (Biconditional:)

Let P and Q be statements. The statement “P if and only If Q”
IS called the biimplication or biconditional of P and Q.

Itis writtenas P < Q

Example:
e P : | eat breakfast.
 Q:ldon’teat lunch. =

D ——

[7--"?/ &

g — P

i} and enly if

c P~ Q:leat breakfgst| If and only iff | don’t eat lunch (or alternatively,
‘If and only if | eat breakfast, then | don’t eat lunch’).

« The truth table for P < Q Is given by:

I_}'

TS

oI B s B RN

=]

13



Examples 1.1
Consider the following propositions:
p : Mathematicians are generous.

q : Spiders hate algebra.

Write the compound propositions symbolized by:

Solution

(1)
(11)
(111)
(1v)

(i) I\/Iat!Jematicians are generouq@piders' don’t|hate algebra (or both).

q

(iii)@m hematicians arefnotlgenerous

generous.

¢ \ 0 V—JJ
(i 'Tﬁrnmh?c‘zrsETﬁﬁﬁpiders hate algebra
1

then

(ana]mathematicians are
N P

spiders hate algebra.

PVdq

(g N p)
P—d
_{?@Lq-

iPand snlyif

(iv) Mathematicians are 1Ff_6_f|generousfﬁc and onlyﬂpiders don’t hate algebra.

—

'9

—

ar

14



Example 1.2
Let p be the proposition ‘Today is Monday’ and

g.be ‘I'll go to London’.

Write the following propositions symbolically.

(i) If today is Monday then | won’t go to London. f) & @
(ii) Today isﬂl\ﬂorﬁ:layl’ﬂ_go to London, but not both. F 0\/
(i) I'll go to London 1@today is not Monday. 9 A .-‘? -
(iv)llf and onI; 'iﬁtoday is@Monday then I'll go to London.

(i) p—{q =

() pYq F <V

(iii) q A p

(iv) pP<q.

\[ ev V ov¢v BWWA nor Lot

N\ ond —— iy e ¢—> ¥ and olts\\;;f.



Example 1.3:

Construct the Truth Table for the following compound propositions

P9

\F

-

~
F

—
p

e |
=)
"'-..1|

=231

(i) PG
(ii)
(iii) g — p
(iv)
Solution
(i)
Pplg|P|PVvyg
T |T| F T
T|F | F F
F|T| T T
F|F | T T

= m | =
~ =~ m m
- T =
~ T m M| >

16



(iii)

plg|d|dg—p () T

pla|p|d|P=a
e T T|T|F|F T
TeT T TIF|F|T F
FyTF T F|T|T]|F F
FIF]T F FIF|[T|T T

KOV S ONE I Ly Ay St \slalad
| | G, a0 U N vsls OV P

~

o€ 8 7 SN De “é“gﬁffhf°%@'J&\$h‘

17



Example 1.4. Construct truth tables for:

(i) P — (g ~r)
(ii) (P q) <= r.

Solution

(i)

g~
~
o,
Cx
>
~
L=

P —

an -4 nm A

"\")"WT'“"—\-"“J'—‘ 0

i B v B s B I B R
T HHA 1T A AR
THTmH T
el B I I I R
H =4 HdH 1m0

(ii) Homework

18
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Example 1.5 Construct the truth table for(qu}»(pAq)

Solution
-- o
1 1 0 0

0 0 0 1

19



Example 1.6 Construct the truth table for (p—>q)—>(q—>p)

P> Q> P [|P=a) —> (F—~p)

‘1" - T
Solution "; \i i
e

= T

1 !
BEE 0
BN
. 0

§ T 44
A A4

1 1
1 1
0 0
1 1

20
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\
~T ' v® Thutology
1 2 o.ed Qo T podn nf"‘ -
« Atautology | |3 a compound proposition which is true no matter what the truth values

of its simple components.
In other words A compound proposition p = p (py, P2, -, Pn) Where p, vy, ..., Py, are

varlables Is called a tautology If it is true for every truth assignments for p;, p,, ..., Pn -
e o s\e N,—-J'\)é ~~ _{-"’\v-e.-b \L:-N‘\P S P 4L P

Example 1.7 Show that p v p is a tautology.

“aute 999 oG Tu
D e VP Sy

Ca;:rnf»,trm,nnn the truth table for p v p, we have: .

Solution

1P |pvP e 0 S

rr-+ QS i ‘:i p:‘p O';J:J -1 kS

c |t < o e Tours 109
|

Note that p v p is always true (no matter what proposition is substituted
for p) and is therefore a tautology.
T —]
21



Example 1.8 Show that (p A g) V (p A g) is a tautologyy= T
Soluti —r d
olution

YT
The truth table for (p A q) vV (p A q) 1s given below. ; ‘:
P4 |PAG|PAG|(PAQV(PAQ)

T|T T F T

T|F F T T

F|T F T T

F|F F T T

end | Pna [Pradv (PAa
v | F -+
F |7V | T
F |T | T
F \1‘ T})\
’;,.9‘&\ )
<SS

The last column of the truth table contains only the truth value T and hence we
can deduce that (p A g) Vv (p A g) 1s a tautology.

Note that The proposition (p A q) VvV (p A q) is said to be a substitution instance of the

o' sP VAR W@ oz

proposition p VvV p




< - C oU\-.la. -
. '
C o & ew £ CONLradiction
c A contradlctlon Is a compound proposition which is false no_matter what
the truth values of its simple components. c""'\“‘{l ,.;-;u veas oS (V> S

 The proposmon pA~D IS a contradiction WhICh IS shown In next truth table

P |a | p | oy | (PAR) | (qu;)’(P/\q,)/\(va) SR
T 2 I
T ~L"a—<

T FLE |7 | f ? T

Example 1.9 Show that (p A §) A (p Vv q) is a contradiction. F T -

P UV> GQuad o oF

Solution

Plg|q|prp~rg|p|PVg | (pAg)A(pVg)

T|T|F F F T F kv
T|F|T T F F F  rgnn?
F|T|F 2 T T F

F|F|T F T T F 23




Assignment 1- Question 1:
Attempt any two of the following questions

3 s F NS Sf'.’
Determine whether each of the following is a tautology, a contradiction or neither:

T ——

L. p—(pVq)
2. (p—=q)A(pVg)
3. (pVq)<=(qVp)
4. (prqQ—p

2. (pAg)A(pVQ)
(pra)n=(pPva)

24



p—g
.
F
.
;
rvVyg
.
-
;
F
q
T
F
X
F
pVyg
2
u
-

pVyg

-pVgq

!
2

44 MmN

qvp

phg

—(pVq)

p—(pVa)

’T'owdol(iy

(p—=a)r(-pVa)

T

F

T

T

ne l"\'l'\? Y Toud c,\oj
vioy Contva A\'Of—l‘dq

(pvq) < (gVvp)

I /I'a*/\“’l‘(’qLﬂ
»
:
(prg)—p
-
T 6
T 27 ’U‘kal 97
T
pAg (pAg)A—(pVa)
T F 2
.a,\l)
F F «“(J\
(oWt

F

F



o w/
'l Logically Implies P =9

— A proposition P is said to logically imply a proposition Q if, whenever

P_is trug, then Q is alsg true. If P logically implies Q, then symbolically

we write P — Q . . Q NV yne e € Ll
Q.-S\P @ NA; w ? \_,.L_S \oN
— In Other words: A proposition P is said to logically imply proposition Q

if the proposition P — Q is a tautology. P

oL C o€ VAN =~ Q & P
Note that the converse does not apply, 1.e. O may also be true when P is false.

For logical implication all we insist on is that @ 1s never false when P is true. We
shall symbolize logical implication by = so that * P logically implies Q7 1s written
PF Q. (o ) Jad o ol




Example 1.10
Show thatg = (p v q).

9

L
o LT
v T i’ff)l./"ﬁ
e S \/ ‘:’5
F ) F vt

We must show that, whenever g 1s true, then p v g is true. Constructing the truth

Solution

e B T

table gives: )
Pl9|PVe| G, PVOaQ
T|T| T .
T|F| T q is log oM
FIT| T cmples (PVA)
F|F| F

From a comparison of the second and third columns we note that, whenever g 1s
true (first and third rows), p v g 1s also true. Note that p Vv g is also true when
q 1s false (second row) but this has no relevance in establishing that g logically
implies p Vv q.

26



Example 1.11 P19 | perq |(O20)A] I_Jr"
. R T\ \| ~+ -

Show that (E < ) Ng lnglc:allz unelles pP. - v £ F _r

Solution FlT ¥ F F

F F| T F F

As with example 1.5 we can show that [(p <= g) A g] = p in one of two ways.
We can either show that p is always true when (p <= ¢g) A ¢ is true or we can\,

show that [(p <= g) A g] — p is a tautology. ‘*
The truth table for (p <= g) A g 1s given by:
o
Pplg|P=q|(Pp=q)rg \.g\
e T \\&
T | F F F \“Q
F|T F F
F|F| T F ((PHC‘DA q') - P

Comparing the fourth column with the first, we see that P 1s true whenever
(p <= q) A q is true (first row only). Therefore [(p <= g) A qg] F p.

Alternatively, we could complete a further column of of the truth table for
[(p <> g) A g] — p and show this to be a tautology.



— b-o_paub .@J\.pfw 4
— Lo glcallx Eguwalen e :
Sapue-t =D o L
Two propositions are said to be logically equivalent if they have identical truth
values for every set of truth values of their components. we write P =Q 1f P and
Q are logically equivalent. In other words a proposition P is said to be logically

equivalent to a p_roposi.tions Qif the statement formula P < Q Is a tautology
W= N oW, 4. ,J-‘r‘)-"-ed“-"‘v—a-a Wz las ¥
Example 1.12 5", 55w O< 1o P> v_0 V.» O . ¥ g _...\....,;( e

Show that p v g dnd p A q are logically equivalent, i.e. that (pvg)=(pArq). L)kﬂ
- '..
Solution e
...Lf S O s
We draw up the truth table for p v g and also for p A g. 7
- =0 ?|9 | Pra |Pra| Ena
“'No\:: gf\o\ Plga|\P|q|PVGg|PAqg|PAq _"_) 1‘: = Fq, —
T|T|F|F| F T F (v |[F\FlT\+ | | T
T|F|F|T T F T |5| |7 F|IT Flr
F|T|T]|F T F T +| FIf T T F T
F|F|T|T T F T '

28



Example 1.13 Show that the follow‘ing two propositions are logically equ ive'sw

v
(1) It 1t fﬂi"__fit_ﬂ_lgﬂl;l;ﬂ-‘\&lhen. if I get paid, I'll go to Paris. P-—)@, —> \f)
(11) If it rains tomorrow and I get paid then I'1] go to Paris.
Solution ¢ PG | ¥ | G=F P—’(qf-'-“)l pAg | (pna)—» v
T|TI|T | T T
+|TI|F |F +
Define the following simple propositions: TIEI|T |IT F
= PpIE o T|F [F [T ¢
p : It rains tomorrow. [ | T |T |T F
: 1 get paid. e|T (P |F f
; I’T] pt Pari FIF o F
, o aris.
ro goto Paris. ¢ | Flt F

We are required to show the logical equivalenceof p — (g — r) and (p A qg) —
r. We can do this in one of two ways:

(a) establish that p — (¢ — r)and (p A g) — r have the same truth values,
or
(b) establish that [p — (g — r)] <= [(p A g) — r]is a tautology.

Using the first method we complete the truth table for p — (¢ — r) and (p ~
q) — r.

29



<
X
S

plgq|r|q—=>r|p—>(@—=>r)|prqg|(pirq)—>T
T|T|T T T
T|T|F F F T
T|F|T T F
T|F|F T F
F|T|T T T F
F|T|F F T F
F|F|T T T F
F|F|F T T F

Since the truth values of p — (g — r) and (p A g) — r are the same for each
set of truth values of p, g and r. we can deduce the logical equivalences of these

compound propositions. (g~ (D — (Pf\ A4) =Y

30



Assignment 1- Question 2:
Attempt any two of the following questions

l. Prove that (p — q) = (p Vv q).

Prove that (p A ¢g) and (p — q) are logically equivalent propositions.

I

L

Provethat (p ¥ q) = (p ¥ q).

4. Prove that p logically implies (¢ — p).

31
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The Algebra of Propositions

The following is a list of some important logical equivalences, all of which can be
verified using one of the techniques described previously. These laws hold for any

simple propositions p, g and r and also for any substitution instance of them.

The duality principle states that, if two propositions are logically equivalent,
then so are their duals.

The Duality Principle

Given any compound proposition P involving only the connectives denoted by A
and Vv, the dual of that proposition is obtained by replacing A by Vv, vV by A, I by
f and f by t. For example, the dual of (p A q) V pis (p VvV g) A p. The dual of
(pV f)ANgiIs(pAT)Vg.

32



3?)m':“"’ .
-, 7% Laws of algebra of proposition

Idempotent Law

Dominant Law

Complement Law

Commutative Law

Associative Law

Distributive Law

Absorption Law

DeMorgan’s Law

pPVPp=Dp

pVT=T

pV~p=T

pvVq=qVp

(v Vr=pv(qVr)

pA(@VT)=@AQV(PAT)

pV(pAQ)=Dp

~(pvq)=~pA~q
SN

PAP=DP
pANF=F
pA~p=F
PAG=qAp
MA@ ATr=pA(qAT)
pV(@ATr) =@V A(pVr)

pA(pVq)=EDp

~(PAQ) =~pV~q C‘(
<



Example 1.14
Provethat (p A g) vV (pV q) = p. wi4touéE US’

(FA) VAPV wo(EAA) VP A
P AV

(prqg)VvpVvg)=(prq)Vv(pag) (DeMorgan's laws) 2o/ pp S pls

ng Lutl, table

< ~ l:.’"" .N)U =pA(gVag) (distributive laws) C ,,_l o~y &
"‘\ \’) =p ,m"" (complement laws) —— ‘,“'3’ G

¢

Assignment 1- Question 3:

Prove the following logical equivalences using the method of the above example
(1) (pAp)VIpV p)=L.
(i) (pArg)rng=pnArg.
(iii)) pA(pAg)=Pp.

(identity laws) Jo LA ~ 3>

34



Assignment 1- Question 3:
Prove the following logical equivalences using the method of the above example

(1) (pAp)V(pVp =Lt.

(PAP)V (PVP)
P \Y, F ’_Lt‘?mponewl- law)

= —1 Cam() lem ent

(11) (pAgGg)ANg=pAgqg.

P,\ (qu) asSecs arnhive law
PN Tdemfonemst law/

(iii) pA(pAg)=p.

PA-(PAG) = P

-f;[\ (P—V C—]; ) de movgun lony

‘0 AbSor béio\ Yowy
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