e 02

Inequalities and
Absolute Values

CYuakion AAx| =G X = Y X=2
Inegualieres  Ax+1<5 s s
Inrecaek  <pne
AX+I1< S
Ax < X< 2

2 /Vd-;\ (";li\tﬁf Pr-RNC\

.[ﬂf-t’"“"‘ N oyetom {, X: Ssx?) r.‘\xso;:-'é:fr
ix: 1<% <5} 0 : (125
§x: \sxs5% - 2 T
9x \-sx<sff $ 9 [1,5)

! @
X <\ —0 —
- 0P [}
*29 ¢ [5,00)

5' o
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. EXAMPLE i Solve the inequality 2x — 7 < 4x — 2 and show the graph of
its solution set.

2hm L MK T

A MY < -2+ 1-%==0“’

(-2.‘9/00)
-_E_é'( G L > =25

-

B EXAMPLE 2} Solve —5 = 2x + 6 < 4,

-5 ‘:\‘QX*S( L«-
~S5.6< 2x & U-(

- < 2x < =2 2 oLl
2 = =

~-55 & K < -l

[-55 5 ) _E ,
=35 -t O

i g



BEXAMPLE3) Solve the quadratic inequality x* = x < 6.

Cvi ) U (-»,-X) g

@, 2l X - & %d Xl x_.6 =¢o
¥2 X -3 )= ~2 ) =e
rf‘:é’ ﬂ"r-: ¥mea
nt's - Ce=3)(x+2) <O
.?o,pwo"- 2
O, - o | M ot e aak G B ..‘_.\-
'}\ },J : xX=3=0
":,\/:" ;0 i
. \ ( g =
Zr”} VAN, = weg J oo B Y x4 xs2zo
A \:-'9\# x=-3
PR e
/'0‘ \(C"\' s -
W L J & 6{!
p 3
-2,3)  Sd Tl S et
B EXAMPLE 4) Solve 3x* — x — 2 > 0.
(3 +2 Y®r <1 ) >0 wrdo 2 V
G\eS. cund!
O PS 9&
3X+2=¢
3‘:—2 ------ 4 5-\'_*. X |- SXaxdl=06
A=z B °
]
Bl ceallicn it e B . A 5 ¥
- ' K=l
et e | s T
- -2 @
3 1



x—1

= ().
X+ 2

0B o\ ko EE L o

x—l=-o "-—"‘----—_—La\-ac_ e, . S
. i

X+ 2 =% el e S KX v x 9
Z--2 - '

w}\’; A

JM

-9

C-—"")‘l) V) E‘/c")

0(\1\ \.,f caks gy Zyukr sTIZ 0

s

QS =2

X2 =6

XK= =2




N

K

«

lasr bl < lal4 (b

la-Wl = {lal-Ib]]

‘J.!J.Sl-{-'-“\

|=5)= 5
CdaS\ oz Ll
\3x| = 13} \l= 3|

- = \-ul _
\_q?\ l\Llo\” ?G\

"’31-'5'\ ? .31+ Is|
2 < 3 4xs

|1$-3) 2 5-3

X\ <a > -~a<xXx<a
\XV <8 o=tp -S5<x%x<§

\X\ >a =D




B EXAMPLE 8/ Solve the inequality |x — 4| < 2 and show the solution set on
the real line. Interpret the absolute value as a distance.

AU €2 ne 2 < KU < 2

=244 < XK < 2+x\y

2 <X<¢E (216')

\
g. <

B EXAMPIE 9] Solve the inequality |3x — 5| = 1 and show its solution set on

the real line.
|3x—5) = |
3%-5 -1 o  3x-5 2|
3X S-\xS 3x> €
3Xs Yy X > _63.
X & 3?: Qv X =2
= : :“j@ = : o0
o ' | 3



B EXAMPIE 13

Solvex* — 2x — 4 = ().

O L{oL'/ > ,1’\33\ f\';\-,,f-” _:'-;_;J' b D

c==5

x%- 25 -u =0 T
2d
= """?-T-J Y - CUx\x-u)
Esm.\ 7
= o afJ 20 _ 2=z [&
= £ i
2
leds a2 3
Az \x s
l-Js » -
Y Y b] seracsomees | NEY

E[“EJ l-l-JE]

Ny




Problem Set 0.2

1. Show each of the following intervals on the real line,

(@ [-11] —F—— ) (-41] 6———“‘)
© (-41) ep—i— D 14 g3
() (-0, _ ™

>
(e) [~1,00)
@_{I ;990. ) <.lﬂ—_

In each of Problems 3-26, express the solution set of the given
inequality in interval notation and sketch its graph.

3. x-7<2x-5 4. 3x - 5< 4x -6

-F+5 < 2X =X

—2 <
X >—2 ( 2 o
-2
C-2,00)
1. X2 +2x-12<0 12. x2-5x—-6>0

X =e —b 2 Jhb':..ua.c. = -2 *Ju_uxx2) = 2352
2a 2

2
= -‘iJ_.'.’-? = =\x Jo & = —\x iz
>




e | i Rt R, W iz S
-l \ - 3
~l -J5 -\ +J13
(= -dis . "lxdiz )
13. 2x* +5x—-3>0 14. 4x° - 5x—-6<0
+ 3y — 2
i =N o 7 i TP
X — 3 X — 3
2 7
17. — <5 18. — =7
X 4x
3) 2xt+rsSx-3>0
(2x =+ ) (X3 ) >0
—
) \ e T T, :&-_f
- \
2¥ ==& X>r3=¢g i3 Y,
2k =\ X==3
X:—,Il- (—-09! ""'3) L/ C_ZL )00)

\7) Zz <5

2<5X SX o> 2

x-:‘“:‘}-‘

2.
AR=>

X-2Z2 >0
s

C%/i 7 09.)

VA4



2L (x+2)(x—-1)(x—-3)>0

22, (2x+3)(3x—-1)(x—-2) <

23. (2x - 3)(x—1)(x—3) =

24, 2x - 3)(x—1)}(x—-3)>0

25, x’ - 5x* —-6x <0 2. x>’—-x*—-x+1>0

2)) (rx2)*-vy(%x-3) >0

( \' \‘)(—3-O
X+2z-o0 k== )
r=—1 r= b3
--}-&- s ~ |~ ¥
-____-.‘---j*-\- - T -+ “
(—Z/IJU(BJW) e [ A L_—'l-"\'
K3
it B e e e sl Bl Ko e sl =
s ) 3

25) x3_Sx2_¢gx <o |

—--[_l—\--\- nT
< (X*-54 -6 <o ¢
== = NN A+
x (xx))(x-g )<Ko ‘;l
v 4\ S O T
Xzo K= =1 X=¢ -\ ®
il e adl it B

(-0, -1) U (o ,6) = 5§ 3



In Problems 35-44, find the solution sets of the given inequalities

35. Ix—-2| =5 3. |[x +2| <1
37. l4x + 5| = 10 38. 2x—-1| >2
2
39. %—5 > 7 40. §+1<1
2L .5 K -7 2¢ -5 2> 1
=z 7
2 LK -2 2x = 12
EN =
K =2x+ R = U2
=
. M AP —
uz
<
-1



Y

0.3 ¢
2 Jocie. @ (2,3
The Rectangular :
Coordinate System ——
( Distance ) AN
waz) -
/\Q d(ﬂ Q) :JQ(,_-J!.)Z-\- (33--31)1
(x'l:’l) i
iz-{\
C= .J q"'.*.\ol
@ EXAMPLE 1/ Find lh;(;rl—:r:c?hcmccn
(a) P(—2.3)and Q(4, —1) (b) P(V2,V3)and Q(m, 7)
X, 9, X2 92 Xy -~ Xz Y2

o d= [l = (e < d5
b) ol-_—-.f(-ﬁ)"..-(rr_.fi)" = 2.23

7[(’ e1aa4-ro-y\ c;&: C;(de, FRIAWSAISNPYS

kel P b Y o ™

(-2 V--2) = 1§ ACa
h.—:’. 2 K==2 r:.ﬁ?: Y



Y¥=5
B EXAMPLE 2| Find the standard equation of a circle of radius 5 and cen-
(

ter (. —3). Also find the y-coordinates of the two_points on this circle with

x-cgbrdigate 2.
LK O PV o aS )
C\/—i) =5

(X-n)" &+ (y-) = 2

(2=i) % 08 & &) - 35

- : > ” - 2 .
s e K22 ow? L,

(2-1) >4 (Y s)*=2s




B EXAMPLE 3 )" Show that the equation
z 2 _ %
x*=2x+ y* + 6y =—6 K-h)"=(9-L? =¥

represents a circle, and find its center and radius.

(x =) ¢ Y x3)° =y

D\-«‘-'-"' k =-3 X= 2

.Q‘&;’L) L it
eluatiom of tle lwe
x

J=mxX+b

xid) 4 %
‘ Sope B el
y e

m_: 82-31 S Sf =d_-:-ﬁ|
X2 30y X 27 sloge
N~ m=z= L

Lt Y=2x+




Xv 5 X2 9z
(3:2) (&.a)

Jd- 8, = 2.5 ( x~x,)

Y -2 =25(x-3)

B EXAMPLES Find an equation of the line through (—4.2) and (6.=1).
EPPA alolocls | -
‘x\ vl xz Y2

(=4,2) (6, -1)

d-—J/ = Mm(X=-%)

M- Jz-9) = =t-2 =
Ko =X, Pl

g..z_._.,_%_('x-,—q)

Yo A D wspkl 5d) P MmO s o

Y= NV B T o
Y= 3x r ¢ M= 3
:Lj (OX =2 e B MK, m=

7..- z



ot '
Mz = =
. EXAMPLE 6/ Find the equation of the line through ( ﬁ 8) that "lE arallel fo
the line with equation 3x — 5y = 11. il Y
(m) Lbp U Llus
33X -SY=li
o 33X 1) ) = -g
.S ——S
6 2) et 3L s 3 =mz
= -

- = mCX-x)

Y-8 = Z(x=6)



B EXAMPLE 7| Find the cquatmn of the line through the point of intersection

of the lines with equations 3x + 4y = 8and 6x — 10y = 7 that lsipt.rpr.nalcul Iriln

the first of these two lines (F murc 16).
3xau= &

J-Y =m(X-x)

gx-10y=7F

bl -ﬂ-'JuL.J’c.n.zé N EY VRV Y

(3x+q3:3 ) %2
_7( 0y = ¥ )
€X - 8Y — 6

-[Xy =-9

= =9, L
I =55 =3




Problem Set 0.3 i .
(K- + (@) =r?
In Problems 11-16, find the equation of the circle satisfying the
given ('(mdi!imrx.h u
s 2 _
11. Center (L 1),radius1 (% =) *+ (9" =1
12. Center (-2, 3), radius 4

W e
13. Center (2, —1), goes through (5. 3)

'3 —
g d: j(%z—xoz-\—(ﬂz—'dn)z

o = J(s2)%+ (3.—51

X =Ol=j°l+|6' -::./?'5.-.— 5

(X—Z)L_\. Cy-[-l)z:: 25

In Problems 17-22, find the center and radius of the circle with the
given equation.

17. x> +2x + 10+ y* -6y — 10 =0

-~
Cx#2x+|‘+ Y269y+q9 = lo—1O +1+9
~ ) \-——\N

(2 a1 (¥-2) =IO
Certre C—\;B) Y:m



In Problems 23-28, find the slope of the line containing the given
two points.

23. (1,1)and (2,2 24. (3,5)and (4,7)
28. (2,3)and (-5, —6) 26. (2, —4) and (0, —6)
27. (3,0) and (0. 5) 28. (—6,0) and (0, 6)

3)'.) yol = v?. -9 = E_—_—_‘ -
z-'

R2-=x, \
25 ) Mm= —€6€-3 =q
-5 -2 +

In Problems 29-34, find an equation for each line. Then write your
answer in the form Ax + By + C = (.

29. Through (2.2) with slope —1

Y-Yr = wn (L =X\)
\J_?-:: -\( K =-2)

J=L = —=XKx2 -
L

hg X x4Y YaX-—U-a

33. Through (2.3) and (4. 8)
34. Through (4,1) and (8, 2)

In Problems 35-38, find the slope and y-intercept of each line.
38. 3y =-2x + 1 36. -4y =5x— 6

Y-, :m(ﬂ-‘l\J
s
L y-3z =2(*-"2)



2Y -6 =6K-1\0

23-—6;( +U =0

|~
P - a , = x(: )
In Problems 35-38, find the slope and y-infercept of each line. Y S »
o g e
38. 3y=-2x + 1 36. 4y =5x— 6 Yy

= -2 2 = }_
J — -\-@ J inrevcef= =

:/ Pt L...QJ,—'—J 15 (_.)L_.P&j;o;f

. % By
39. Write an equation for the line through (3, —3) that s

(a) [parallellto the line y = 2x + 5:
(b) perpendicular to the line y :@' + 5
(c) parallel to the line 2x + 3y = 6:

(d) perpendicular to the line 2x + 3y = 6;
Y-Y) = m (x-x)

Y+3 = mx -3

N—_——-""’_\-— \___/—\..___,...—-'—\__/

a) m:...-.:-m;-:.':o"
Y+3=2Cx-=3)

R T






0.5

Functions and Their
Graphs
'y Pey Y Y= fe
O’T ‘
Y = 31( 1D
i 517
m:ﬂy\ wﬂ& opP A~
DUJ&? |28 X =1 9 =340=13
X=z2 J =610 =l6

X=1l0 J =30+10 =4s

\
2.
lo

. EXAMPLE 1! For f(x) = x> — 2x, find and simplify

(a) f(4) (b) f(4 + h)

(c) f(4+ h)— f(4) (d) [f(4 + h)— f(4)]/h 2
(@+b)
=0.=+Zab+bz

Q) Fly) - Y= 2(uy — 16-8= 8

b) £(uth) = (u+h)® — 2(4+h)
—6+3hih* =8 -2
= fn- +§ A+ 8

&) Plusl) m Plaj = bEllt @ . Lnly bt

d) flurwy -Pw — 246l A(h+6)-lxé
I I o~




It 7 sa) Y81 A8 es

22 033»5 LA LS CR AN D)
¥ Pz xFyxPozx x)
DSBS R (- ~00) 2R a8y Qlasy

NEBRS LR O el B SN ) B
¢l e lic\e alled]

f(){)-_-_ __\L 7L+S:O ¥ ==
X xS
R-§-55 5 e ER 0SS0 s

JOUVD AU s 2.08N) VA Qe I ©,

O\g /;_S'lU-.o‘.:bO &_-P a0 y fﬁgj
f[x).—: J X-2 x-2=Z0 X= 2 L2.00)

= /.
IOl e o T aip WD @
4l Uie—X9 M Lo NS

oy = | 42>0 rrz G
Jr~2



.;J‘.’)‘ \SM"‘S‘,,I
M EXAMPELE 2| Find the natural domains for

(a) f(x) =1/(x = 3) (b) g(t) = V9 —¢
c) h(w) = 1/V9 — w’

0.) 'P(7) = ) X-3=06 X=23
X=-3

$X 3 % £35
b Gty (g c2 q_t* > o
qQ =t 2z |t
|tl £3 > —2<& £ &3
L-3,3]
O Ihw - !
T
q-w* >o d > ) @
2 =lw/ W< 2

—3 LWL 3 (-3,3)



/-\ U P AN

M =2t J=xx2 J=x)
N2 N 2 W
| nd
Y= (rx2) Y= (x-2) -\
l

\4—_// _ \\ + /

~% | - L\—/

8'—'—33(— \_ ”JJ Qis
J= --::'l'?— JL_ ‘3:7!;- K'—



B EXAMPLE@| Sketch the graphs of
@ f(x) = x* -2 (

AN
~

uen odd Punctizv sV 5 w0521 T

x& xt
/\/ 25 on.>

44)/ 9‘“‘/‘0’ --n_,- S i

&"LIS‘ X 2 (-x) \-9)5 N\ w¢;‘f o)\ A
Pz Pl-x) o) wvaal

Pe) — —Pl-2> 2,9 SYas Lsy

-

J.’a—slb_]::s O\ 2> q'
euev &= ozl 2Ll oV ey e X 0SS TS
1})7 w— 3 ,\)S ':,;.LS VN

O Porz ¢ ey

2 3 g S ?s_}'....—-z{“ﬁs
cyen ool



1 x° + 3.
B EXAMPLES| Is f(x) = —— —— even, odd, or neither?
Sy X' = 3x g .
~ 3 Fi0s3s
oefx) = x>, 3%
X1 —3Ixiqu
P : 5
(-x) = (=) 5 3(-%) = =X —3X

C-%)"4 3(=x)°+xu x' +2x%xy

= - 7-’-3—\- 3K ]
X1 3% 4

P(—-)() =y = (—D(Y) Odd optDtnO!-'Dn

C:\_4>:f o)



Problem Set 0.5

9. For f(x) =2x’ -1, find and simplify [f(a + h) —
f(a)]/h. ﬁ(a—rh) — Ptay

A

,p[ma) = 2( a+h)°21 = 2(q‘¢2aﬁ~ re) ~
= 2a24%ah + LW -

Pla) = 2a7._)

f(a-a—l«)_. ﬁ[“{ _ 2% 4y ualk +L"/_ 205X

(~ I~
= Yah ant —KlYa + ©) _uas
L. s
13. Find the natural domain for each of the following.
(a) F(z)=V2z+3 (b) g(v) =1/(4v = 1)
©) ¥(x) =V -9 (d) H(y) = -Ve625 - y*
o) f(z):Jzz*;& 2z+3 =06 2.7/'_-?’_
2
E"—%— ’ oo) = E:,—_ =
=
b) 3CU)‘: - - Hy-1z-o0 V=
v v-i -‘1-
AViva L] vl i veR
ey Wkr-[x*-1 Xta_>=s



—t

(-0¢, -3 U [2.00)

d) Hey)= Jes -9 625-Y' =0
6252 9" Jg'<fers  1i¢s
E"5/5:I

[vycr:-5c9ss ¢

In Problems 15-30, specify whether the given function is even,
odd, or neither, and then sketch its graph.

5. f(x) = —4 16. f(x) = 3x
. F(x)=2x+1 18. F(x) =3x - V2
19. g(x) =3x*+ 2x — 1 20. g(u) = %
X - L
21. g(x) = 22. $(z) ==
" =1 Z 1
&) Bz~ even

~b Netither €vom wors odd
\?) )P(’()'-‘ZY-\"

P("i‘) ==2X x| /é),"x s> op 2%

v
. i
Y # ;,/

— —




2()

Alx) = x

——————

x*~)

8("'7() = =X — - X
(-xF -1 x|
flsci — b2
0dd
I I -l/a. - 3 | -3
gélo | » |~ Z [-F] 3, |- %

(
(
i




0.6
Operations
on Functions

Sums, Differences, Products, Quotients, and Powers Consider func-

Tions fand g with formulas ST 6 NS NV sy
X = 3 — ::' ) .‘ [ =
f(x) ="5=  g(x) = Vx CURG BPSRTV S S teat

U_FJ\ 9 2% > 22."
(B+9)(¢) = 2-3 . Jx Co, 00)

-_w G.) F - *—> + &
X220 e——-FALL)
6
Formula Domain
(f+ Q(x) = f(x) + g(x) = —=— +Va [0, )
x -3 -
(f - g)(x) = f(x) — glx) == > VX [0. 00)
X3

(f-g)(x) = f(x)-g(x) = = ——N/x [0, 00)
FYow Ji%) %-—3
(;)“’ - g(x)  2vVx (%)

.-2“" ’-Oh'_.‘..’

JE- (x> = 12:3 = %-3 [s,c0) v a\J| U@

9 —_— ZH ) s "'P “ 2 I‘ ol

G20 N el DG ¢

z 2 - .
=6 r(g_f,],ﬂmp\c;vouhq__.s

: Jx
£ =5
20 AW To,o) o eyt

(0/00



B EXAMPLE 1| Let F(x) = Vx + 1 and G(x) = V9 — x2, with respective
natural domains [-Ll. o] and [-3,3]. Find formulas for F + G, F - G,
F -G, F/G, and F° and give their natural domains.

(ﬁ'f'G?(?f) = “\}L;{_H *J—&-K" . _{/ >

P—

doman =3, 2] gl A
- Con= Uxwi _Jaxz L/ s)
(53 . 6) (x) = tf_{hx )\ F—ux? s 753

£ (hy =Nxx L-1,3)
9 [a—xz

q-x = o "QS]/\.A.Q\'\;'\:—?-‘:’
f-x* =0
qQ =3
J::)"s
33 =K

o]
)

Ly

5
F‘g(:g - Q‘J:cu) . Cx-»f\)g/a
cloora i E—‘/Gﬁ)



@mpo S,ul'om 05: ﬁunéb 2r7
8% J(Fea) 9 wors P o
6 = :P(9b‘)) 8 OO'> L WGP

Flry= x-3 gcxr = JX

<

Jo P> = | z=2
Pa&(x) = %~y

2

W EXAMPIE 2/ Letj ) = 6x/(x* = 9) and g(x) = V3x, with their natural
domains. First, find ( g)(12): then find (f ¢ g)(x) and give its domain.

SOLUTION

OO . |
(f ° £)(12) = f(g(12)) = (V36 = 6{_“*92%

\/?
(F * &)(x) = flg(x) = f(V3x) = (vﬁn)‘—g

Peey = 6% 3 = J 3«

x%-q

< 9(12) = 3(123:&: £ Pcs) = £*-q 2% :\';'




£ Poglx) = 6J3x _ 63
(Jox) =9 3x—2

qﬁ}-’ld\,l) Wl w2 s\ Y (e ghes
P VMW @Z D S Gus Py s

— S—

aX >0 X =o % g
EV3x i ¢ 3 ¢
3% -9 AX—-4z-=0o X=3
Co.3)VU(3.0) Jeasy

&ZXAMP_LEB}' Write the function p(x) = (x + 2)° as a composite function

gef.

Plx)= Crs2)

: =
F59 (x)= (Er2)

Figure 7 Figure 8

.EXAMPLEJ] Sketch the graph of g(x) = Vx & 3 + 1 by first graphing
f(x) = Vx and then making appropriate translations.



?(ac]

0
2
3

=R~ P w273

/;_5\ ad) DO

feey - J X

asr 92 X s = BN BN
Lo/0) aosy N Jpus




Problem Set 0.6

1. For f(x) =x+ 3 and g(x) = x°, find each value (if
possible).

(@) (f +g)2) (b) (f-2)0) (c) (g/1)3)
(d) (f = g)(1) () (g= f)(1) (f) (g f)(—8)
Q| (jp+9)(?-) = PC?.) + 92,

- 5 44 =g

b) (f-ﬂ)(u = Fco)y - 9(o)

c) (%)(3) = 913) = 1 =3

Jp(f) = 1
) Yo /3Cr) Edij=q
I = )



15. Sketch the graph of f(x) = Vx — 2 — 3 by first sketch-
ing g(x) = Vx and then translating. (See Example 4.)

?

11. Find fand gsothat F = g « f. (See Example 3.)

(a) F(x)=Vx+7 (b) F(x) = (x* + x)
a) b)
Foo= X+ 7 PCx)..—: x>+ X
8(?‘) —d X jCK) - z's

99‘20(#)



0.7
Irigonometric
Functions

/ Sint = & Cost=0
¢ o < C
t _r tan b -4

b b

CSCt = L Sec bt - A
-S:'nf: CQS".'

Cot t = - Eant= smk
Lent CoS€

Sin“ £ —t-CoSq-b =1
W
Sin (-£) = =Sia(v odd avnpy

Cos(-€) = cast euven 0.5/

Sme = Sin (Q-\-Z.Tl)

Cost = C_CJS(E—\-Z.TT_)



B EXAMPILE S| Show that tangent is an odd function.

SOLUTION
sin(—f)  —sint
tan(—t) = = = —tan{
' cos(—1) cos [

Cont = Siat
Cast

é&n (-v) = -S‘,‘n(-ti = —=Sint _ _toant
CosS-€) C>S€

OCILJ jr—’-qu-‘d‘ =

. EXAMPLEG6 Verify that the following are identities.

-

1 + tan’r = sec’ ¢ | + cot’r = csc’t

D jstap t = sec

I

L ® 1
s x l+ Sin e
s

Cos b + Sint = \
s Cosit

4
Cos €& Cos’€

—
’

Vv \x ot = csctE
A& Coszfc i
Sin e w el 2 L

2
Sntk & Cose = A - c<sck

<™ 2L S ntG




sinfl = =
needed somewhere in this book.

We will not take space to verify all the follow-
ing identities. We simply assert their truth and suggest that most of them will be

cos@ ==
r

both sides are defined at the chosen x and v.

Trigonometric Identities The following are true for all x and y, provided that

Odd-even identities

sin(—x) = —sin x 3

vt

Cofunction identities

sin('

) = cosx

cos(=x) = cos x n(%-x)ﬂsinx
tan(—x) = —tan x tan(% - x) = cot x
Pythagorean identities Addition identities

sinfx + cos’x =1

1 + tan’ x = sec’ x cos(x

sin(x + y) = sin x cos y + ¢os x sin y

+ ¥) = €OS X COS y — sin x sin ¥
tan x + tan y

1 + cot® x*= csc? x tan(x + y) = ———
. 1 —tanxtany
Double-angle identities Half-angle identities
. sin 2x = 2 sin x cos x sin(-'i)=:i: L%
2 2
. cos 2x = cos’ x — sin’ x m(§)= l+:°u

=2cos’x — 1

=1 - 2sin*x

Sum identitics
+ —
sinxuinyazsin(“ ")cm(" ")
2 2
xX+y X =9
cos.t+msy=2ms( B )eos( 5 )

Product identities
sin x sin y = —3[cos(x + y) — cos(x — y)]
COs X COS y = %[cos(x + y) + cos(x — y)]

sin x cos y = 3fsin(x + y) + sin(x = y)]




Problem Set 0.7

9. Evaluate without using a calculator.

(a) tan E (b) sec (c) c3ﬂ
; e W — sec —
d 6 . Tl e 4
(d) csc% (e) col% (f) tan (- %)
QD = /2
Vi Ws o2/
3ﬂ- 2 ﬂu - { sin f Cos [
q
0 0 1
5’? e 7/6 30 1/2 V32
m/4a NS \2)2 V2,2
\‘bb (@) 7/3 60  \3)2 112
« 360 /2 ! 0
21 27/3R8  \/32 ~1/2
3n/4 135 V22 -V2/2
57/6150 12 -\V3/2
' 4 0 1
\
a) gpom T _ SME = _ 4 _53
Cos I A Jz 3
S 2z
by Sec(M) = L = A _ -] 2 -3z
CosTlr =1
> sec 3T = A—— o ——— 2=
“ Ces C u\) : g9
d ™ - : LT
) Csc i S.'AGE) « \



e) Cet C T_E) - rCé»S I
Sinc._l_"{

NNy
()

19) fan [',g) = —éanjg; = =l
(05?_{

11. Verify that the following are identities (see Example 6).
I

sec” z

(b) (sect — 1)(sect + 1) = tan"1

(a) (1 +sinz)(1l —sinz)=

(c) secr — sinztant = Ccost
Contb) (a-0)

.|
sec“t — |

= SsIn“{

(d)

SCC [

- \
o " SN2 ) —
) C\‘t‘Sl 2) (\=Sn ) cec 2
= | = Sfn 2 Cosiy Snz =\
= CosTz = \-Stnz
- Cos & Sin"Z =(-cos' 2

- _\
- il
b) (Sece -1)(sece+l) = ke

= Sec’t - |
éqnz'b /

()



C) Sect — sint tant = <Coss

5

—\_ - Sint Snt

Coskt CoséE
L == S\‘ﬂlt
(ask CodkE

= 5in?E - Coelt = roct
c ogt Cect

Q‘) S@é'L—‘ - Sfﬂzt

cecit
§a'nz&
t'“"‘ Z . Cose n‘z-':
=t rd \

Sec?€ Cey(

Find the exact values in Problems 27-31. Hint: Half-angle identi-
\AANAA—~

ties may be helpful.

r 4 ms’z 28. sin° L
3 6

29, s Al 30. cos- Kl
6 12

2 () = &)

W - B) t%



CHAPTER 1 Limits

1.1

Introduction to Limits

K~ ) (xX~1)

TTTTT

Ve Y A R
A (2
Ftx)= 3x-\

ﬂa"") (3x-\) = 8
X=>3

dhagram



PDim By = L Fexr= A
ac de 5 At = LS U.?J,;.A‘.\( 2:.»\'.:\

O -l S VN O eI o ast—ail
D g - - ..
M=y ZAs evlols

B EXAMPLE®) Find lim(4x—5). = 4(3>-5 =7F

B EXAMPLE 2| Find lim & "; P
o X -

@)'=23-6_ 0 s

(st
ﬂ'm W B = ﬂ.’m (2G)(x42)
232 = x-3 X—=3 (A -3>

Py &)

ﬂ"’”’ (x-2) = 1

-3



B EXAMPLE 5| (No limit at a jump) Find lim[x].

SOLUTION Recall that [x] denotes the greatest integer less than or equal to x
(see Section 0.5). The graph of y = [x] is shown in Figure 7. For all numbers x less
than 2 but near 2, [x] = 1, but for all numbers x greater than 2 but near 2, [x] = 2.
Is [x] near a single number L when x is near 2? No. No matter what number we
propose for L, there will be x s arbitrarily close to 2 on one side or the other, where
[ x] differs from L by at least 3. Our conclusion is that Ilm[ | does not exist. If you

check back, you will see lhdl we have not claimed lhdl every limit we can write
must exist. ™

r}.‘ R~ Pexy = [KJ:[z_'_\:z
ol T (241 ==
: r24al =

"M — ?’G):: ‘
...92

.pu'm By = 2
k=227

..p:'m Feir) - dm_Fzy — ﬂ.‘m B(zx) = nokb

% =3" * 22 x=>2 ex3

o | Dels wand Jome
vaf'm PC") = Yy J"/J

;(-92-

- % a2t )09 bA o o /,'m{
Lim Boy g Do 6y = dim o Py = 5
%32

x—=2" not exisk  x—2"

oaP g2 pe & L) AL\ CH:""-"‘ s 2 o @ N
0392 30 LGl el ST it



Problem Set 1.1

In Problems 1-6, find the indicated limit.

‘ K = -
L lim(x — §) 2. lim (1 - 2) J ‘-‘q‘::; (x-5) = 3-sz-2
3 I_i_m?(.t"' +2x—1) 4. _I_imﬁ(.t" + 2t —1)
5. lim (© — 1) 6. lim (7 — x%) 3) j""" ~ (¥2y2<-1)
(=~ i L7~

=62 % 2(-2) =) = -\

In Problems 7-18, find the indicated limit. In most cases, it will be
wise to do some algebra first (see Example 2).

-
2= 2 4 4¢ - 21 1) jl'M x4 = &
7. |irn"l 8. lim% A=2 L.o 0
=2 X — 2 —=7 =

9. \_ILH'I_ X3 - 4:."+ +~l x+6 10. ‘hﬂ,:rm#_ ﬂ.m (ﬁ-l‘ZJ (; é )
£ 8 ‘ X AX=22 }4
0. lim 12, Jim = -
L . ja-m Cx+2) = Y

X—>pe

8) fim t22%6-2 - 49—28-21 _
A S —+ 13

PIm (2333 = fom (t-3= 10
£ -7 L+ E fsdf

2
o

h up"m XLt _ o

——— e

X3t X+E o

ﬂ.m (,(/()(;t-t) - ﬂ."m X-t = -t-¢
Xx=>-t 7 y’g F=k = -2%




43. Find each of the following limits or state that it does not
exist.

Ix — 1 x -1
(b)) Iim lx
-1 X

(@) lim

'p"w' l)(—l] = Yotd o~ Moo 4




13
Limit Theorems

101202100 Main Limit Theorem

Let n be a positive integer, k be a constant, and fand g be functions that have
limits at ¢. Then
. imk=Fk Jn5~*
X—"C

= -2
.limx=¢ &m=*

. i._;; kf(x) = k lim f(x); S 5% = = cakas

.+ lim [f(x) + g( ¥)] = lim f(x) + lim g(x);

: hm [f(x) = g(x)] = lim f(x) ~ lim g(x):

._p_,rqlf x)- g(x)] = lim £(x)-lim g(x); 5 g esio

fo Mmi) Faper
. !—T"g(t) = lim = t),provlded !l_n.‘: g(x) # 0 "
. lim [f(x ]" = [hmf 1 jx_nfz-x-w) (x_""u 2254
9. lim Vf(x) = Vll_rp_f x), provided lim f(x) > 0 when n is even.
B EXAMPLE®) Find lim 21"
4 4
Al X = 5(3) = Y62

X A3




B EXAMPLE 2| Find lim (3x* — 2x).

X—4

/,-m et . Ve by

x.— U X =Y

3(W " - 2w = 1% -8=Uo

V x? +9

X

/p"_/” X =9

B EXAMPILE 3| Find lim

Y-=4 4
- X ‘/Ig—squ +q)
m e
A=A F~= % )(
[ 16 +4 - 5
U Y
@ EXAMPLE 4/ If lim f(x) = 4and lim g(x) = 8. find
lim[ff(x)- Vg(x) |
2
j,;m ?(x) ﬂ,mﬁ)—
3 g
J ﬁfﬂ) ) 5 BWX)
o o3

el
LH)Z @ '{/T

|16 . e = A3



x> = 10x* - 13x + 6
IFEXAMPEDS) Find lim - 0x —13x+6

x—+2 3x2—6x — 8

Hz2) - 0(2) s [2(2)+x 6

0 ('~ 6> 3
2>
/Ul
oL 7(329-100Q) - \3W+6 _ gy _
V- \Ni =@ -3 2
Z—-?’Mp
L2
(a0, S B | (A +3)= A’y 2AB+§*
ALB(A+BI/A-R)
R, Find linE— =2 L o i T 2E L
-1 x* —2x + 1 =1 (x — 1)
e laes — tadaS = L
12 -201) x| |~
ESPT YN RN
. . x—1 =
B EXAMPLE 7/ Find lim —=—. = I - % Al
W= Sig\to 28
Sl

-

(> s\ f Py 5 it Op

j/'m (_):-\)(JE\J
peml JIFY L s 1)

j,'m M(,ﬁ:ﬂ) - 2
)(-9? ’(//]/




B EXAMPIES] Find lim S0

x—=2 x*+x—0

= q—l—é -0 = .O___
— o
GWtz=6

Lip o fowre) 3
i (/=2 ) @3) .

ﬂm S;/U( e

A== 0O

EYueez e Aoorvoresm

P<s B
e B =

e =

. EXAMPLE 9| Assume that we have proved 1 — x’/6 = (sin x)/x = 1 for

’ . sinx
all x near but different from 0. What can we conclude about Iim ?

—0 X

j:'m S hX

\




Problem Set 1.3

In Problems 1-12, use Theorem A to find each of the limits.

Justify each step by appealing to a numbered statement, as in
Examples 1-4.

L. lim(2x + 1) 2, Iim1(3x3 - 1)

x—=|

Mrm 284 Prom ) = UO 412 3

A= 1 X =l
2 + 3
5, g =t ! L i 2 T
=2 5 — 3x x=o=3 J — 2x*
,ﬂ,'m 224l (2) x| 5 =S
I = 2(z)x g T
S -3(2)
oo &=
X222
9. lim (2% + 15¢ 10. lim V3w’ + 7w’

i—-2 w—s—2

5 (3 13 \3
(,érm 2¢€ +l$') = [2--(-2)3 +\S]=El‘5‘\"5'-}

% -
2
[-—t—]| = el



In Problems 13-24, find the indicated limit or state that it does not
exist. In many cases, you will want to do some algebra before
trying to evaluate the limit.

. xt -4 . x2=5x+6 5
13. lim 14. lim R
x—2 x* 4+ 4 x==2 x— 2 (@) [
: x*-2x—-3 . x* + x
15. Iim 16. Im —
r——| x + 1 x—=-1 x* + 1

. X+ x-2 o
19. Iim = 20. Iim -
=] x*—] x=>=3 x* = d4x - 2]




In _Problems 25-30, find the limits und
!I_n.':‘ g(x) =~ Tysee Example 4).

2f(x) — 3g(x)

25. lim V f3(x) + g*(x) 26. lim

X=*a . X—a f(l‘) + g(x)

27. lim Vg(x) [f(x) + 3] 28 lim [f(x) - 3]*

o[ Lim 80 o j"’” P+ fim 5:(
AX>A X —ra_ oy

4

| ois?:-i'gj — e



1.5
Limits at Infinity; 27
Infinite Limits

-
.ﬂz’m 2. = L /

>
H* —Ded i
.Q)'*"" ' -
Y = —o®
X— o0 A
‘_p\i'.ao
"'.}}J_ > c:'(-.}d\ V) (C.L’n.v QS) b asr>
l"”° O =

\3 (\:.S‘ ~/> W) b cos>

Y ='5.L|'/Jl
\ O cts L._a-’\ -0 > JS:C.—- \3\

s Y1 12V YUV R 1 PPV

(L W
b g
;N X42R -
AP xF | jz'm E)SET =
¢
)’ m x ==, &=
A oOw XS+ 2K




B EXAMPLE 1] Show that if k is a positive ipteger, then

\
\ =
AT L
) l *
and Iim s - 0
x—>=00 x

3 \ -~
B EXAMPLES| Find lim —= g
l"“‘*l"‘l 2 \(\(
A
2%
1’'m 23 _j,m 2
e s =5t
x3 k3 a
5
- 2 -2
—t |



B EXAMPLES) Find lim ——
S = TR e L PR

Jrw o= = %
) = o < 27
x=21 (x-D° ° -
_ + O
‘——-)- !——) A |

‘ ﬂ:'ﬂ” 2 _::- - ol

| =T O=-1)"  Fosie

X 006]

s
3 ﬂ,m ‘ e \ o0

K—=2a
. . e x+1l - i—=23
B EXAMPIES) Find lim ———— "y 0., «
) 0220 8255 WL
D

i

./Ol'ﬂu *+ | = o S0
) e —
X232 (X-3)(x-2) °

m,,

A O




-‘I

ASym Pte e Ul L

ho ¢ 2endad,
1

\ 9:13-*_6-4-‘ Lab ao
/i

T . TN Nlows
Dim Bx) Ouvor soan LAl L s

(V:_’\ U,\:_)_L:

-

e A

A2 P
\ eviicad oo 5o Sledl s
\ :
o 1§ '
x = '
|
\

CCD¢lhl o) i g2 wsnr) Gt Ko
WCIY oGO S
ﬂl'ﬂ?_’ ECV_) - 0O Q,‘m Fcx) = a0

*—=C M=SE

B EXAMPLE 7} Find the vertical and horizontal asymptotes of the graph of

= f(x)if

{
L
\
{
[
:
H

2x
— - f(x) X =1
X =\ x-V=0 tt"_.a,.ﬁ‘“
o j 2X - o© ‘p:M 2L =00
M i + x-|
i %=1
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1.6
Continuity
of Functions

e i /_._..-/ ,-' o
7 | pat
l f v) doe : Wi-\l‘- Iim_."-(_uem:lg‘hul ) !iupl.fl,u:_f:f-;

j’ '4."" lim f(x) # fic) em o)
v Rfo + ﬂ - d-
A=VS
Solo e
..,EJDJ.;.& dl‘:x-\ -y’-;." ‘?‘pb

22407 pCC) C hospo cil ) o

.0, N g \ fCC.):: _
v ¥ ] |
CO‘*J" 6o L 9P ‘:“U"‘“ @

g 2 v ﬂ""’ PC)‘) = -

U-) .Fﬁ s

0,‘
Lim by = Py @

$2¢



B EXAMPLE ) Let f(x) = >

l‘_‘)

x # 2. How shnuldl be defined at X =2 2

in order to make it continuous there?

WY 2 oA 8S
22 e Pl e AL e T

2 i E\lﬂ:-ﬁ ..;l.ﬁl\
_9?(37:'-“/ 27 = P02 Q

Dim 24 _ fim c<+v¢z) =y O

o—p &

e p(ZJ-: .ﬂ/m f tx)
,"“\ S PV R | 5tk

)\..s‘lll_; W aleloo  \X\ AL s ematt A5 (P
;L:. by, Ll \ il alo o o5 SN PRI ¢ (D

‘?‘ J‘o‘ﬂ 'P*‘_j POESANRY NPl A (D



-FX AMPIE 2| At what numbers is F(x) = (3|x] = ¥*)/(Vx + \_1)

continuous?
—"

Foeor= 310 =x2 = =
& - @

A amd x* Yx =t LL¥IT WS U0
Jx = o2 ot BUYY INCIRV ISV EBVS

‘Ttu? chmon FC)') Coniinous ok Al
P2si}ive nUhmbers

SN X

x(1 = x)’

x # 0, 1. Classify each point of discontinuity as removable or nonremovable.

. EXAMPLE 3! Determine all points of discontinuity of f(x) =

{Cp.'.o.')il b (onS  Jeed (G sl 1o o
v —
.ZC[-X.) =0 xXoo l-Xx =¢ X =1

A = | Xzo s DY\ F Al doZe a\M)

_/2""’" __*9"’ x = & = He bim i+
A4 X ([-2) i (S NOF @Yk
nen vemgrafble | .ccanicnouty)

j vh -S:'V‘K — o (_j»-(.::-'r”\ls&
L O x(;-x) -

- 3 {
A - - | ).J...-‘-'-"MC\:.W '
/ Z/r— :g;o I-X vemavollble Contin-




hew = Yge) = Fo9Cx)

\(‘-":""'\:4-6 .;,\?__s_,.h\ o\ W_’;,.,D s> 9 TUE

.EXAMPLE‘I' Show that h(x) = |x* — 3x + 6/ is continuous at each real
number.

J & = X% 3%x % SwleZ gl
Pre) = [X) SNlsh 2 s bats

her) = P9 BUNE SRV 19T P

B EXAMPLES) Show that 1> CenwrowS CXeePk ae  3,-2

xt—-3x+1

h(x) = sin o —
GGz x9-3x+1 Pty = Sink
r%?_x __6 \‘

S
Alx) = fsﬂ(}c) W

SR o) 2ok VN s Sing
Q’L‘;.S‘,L..ﬂ)/v“ :_,:MJ (IR -\ A 26>

2 -
L-X - € = f-3=0 F=3

C)(- B)Cﬁ."\'z):zs ‘C) K x2 2y X="2

e .3 ]A;br\;,‘é\t.f?,‘u_cw_‘;,ﬁ o\ >



B EXAMPLE 6/ Using the definition above, describe the continuity properties
of the function whose graph is sketched in Figure 7.

(==

NSRRI

(-0, 0)
CO/ 3)

13,5]
=yr)

B EXAMPLE 7] What is the largest interval over which the function defined by

g(x) = V4 — x%is continuous?

P g Py e S SRV LI SOV S

H-z2 2o
oz N * 2 =)
st e ns -2, x2]
-—2 G :"':z
Ix) = 4-x* =
1, & 12,05 Yl =)

VLS ol g2 oidy
oi—:’ﬂ c!c\p)\-"u/,ﬁ-’ U;\)‘-:J}ﬂ-’\) C;Y}‘I)-P-a_)_,?:p’“ _"_-"_‘k.—’i -2
fL..-"’,(\} alhd | o Y4 w2,






Problem Set 1.6

In Problems 1-15, state whether the indicated function is continu-
ous at 3. If it is not continuous, tell why.

el

L f(x))=(x=3)(x—-4) 2 gx)=x*-9
O = (223)(3-W=o0

@ ﬂ.‘m (=) (R-1) = 6

*—>3
& fomfx - Pcy Cankinaus
=55
x2—-9
9. hix) = tt —

@ P(B) - 3°-9 = 2
3=-2

o?C:l-) IS wnot Centinouse ak x=3
becwmse P & wmor E€xSk




{:x‘
BinEd =8 2re
(A%-B%)

27 ift=3
= (A-2)(A% AR+ E2)

©) 9(3) = 29
@ ,On'm _é_a"’ 32 - S
£=>3 &3 -

Divn (73042 +3k4a) = 94 a4a = 2.F

A3 e/f

: ‘ . NS
® Bray — { P Leer co*"‘“‘@
21+ = 27
13. f(1) = {2__: :;i { j
® PC» =0 “al
@ ,Q:'M+ b = {2
t 23
juﬂo -2 -p
3 .-vd\}st
o™
O ﬂ ‘M fQ’J [‘cy
~—3

5 =



In Problems 24-35, at what points, if any, are the functions
discontinuous?

| | ‘ l' \
27. r(0) = tané |
et
T x 20n | : .l
2
I
31. G(x) = — g
V4 — x°

NP- RV NS A Wt CAN PR

e~ 2? =5 uz.z” *2zlx|
J 4-x?- o 4 == 0 J(I:F
X 2 AW r, S 2l
73820 ¢S Yoz o (-2, %2)
RV Yorrs
- * 3

(coer-27 0 (2 o)



