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CHAPTER 6 Functions

6.1
The Natural Logarithm Function @)
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~ Problem Set 6.1

In Problems 3-14, find the indicated derivative (see Examples |
— and 2). Assume in each case that x is restricted so that In is defined.
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In Problems 31-34, find dv/dx by logarithmic differentiation (see
Example 8).
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In Problems 35-38, make use of the known graph of v = In x to
sketch the graphs of the equations.
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Problem Set 6.1

In Problems 3-14, find the indicated derivative (see Examples |
and 2). Assume in each case that x is restricted so that In is defined.
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In Problems 15-26, find the integrals
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In Problems 27-30, use Theorem A to write the expressions as the
logarithm of a single quantity.
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In Problems 31-34, find dv/dx by logarithmic differentiation (see
Example 8).
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Transcendental
CHAPTER 6 Functions

6.2
Inverse Functions
and Their Derivatives
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. EXAMPLE 1] Show that f(x) = x* + 2x + 1 has an inverse.
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. EXAMPLE 3 Find a formula for f'(x)if v J(x) = x/(1 = x).
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Problem Set 6.2

In Problems 7-14, show that f has an inverse by showing that it is
strictly monotonic (see Example 1).
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In Problems 15-28, find a formula for f'(x) and then verify that
fHf(x)) = xand f(f '(x)) = x (see Examples 2 and 3).
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Problem Set 6.2

In Problems 7-14, show that [ has an inverse by showing that it is
strictly monotonic (see Example 1).
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In Problems 15-28, find a formula for [ '(x) and then verify that

fYf(x)) = xand f(f'(x)) = x (see Examples 2 and 3).
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6.3
The Natural ¢&:=-27¢--
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B EXAMPLE 3| Let f(x) = xe*’. Find where f is increasing and decreasing,
and where it is concave upward and downward. Also, identify all extreme values
and points of inflection. Then, sketch the graph of f.
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Problem Set 6.3

In Problems 3-10, simplify the given expression. M 2
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In Problems 25-36, first find the domain of the given function f
and then find where it is increasing and decreasing, and also where
it is concave upward and downward. Identify all extreme values
and points of inflection. Then sketch the graph of v = f(x).
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6.4

General Exponential and
Logarithmic Functions
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. EXAMPLES | If y = x*', x > 0, find D,y by two different methods.
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Problem Set 6.4

In Problems 17-26, find the indicated derivative or integral.
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In Problems 27-32, find dvy/dx. Note: You must distinguish among
problems of the type a*, x“, and x* as in Examples 5-7.
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312 Coslo) =1 Sinpozo  Land =0

g%,%;ﬁO—SJfﬂq /=) bEano-—wn




Sfﬂ(-x):—-S‘VkK anzi:\-(‘o;x:\

CoS (-%X) = CosX Svn 24 = 257X Cosy

tan (-X) = — tonX Cosrlx = Ca;X .-S{:{\L

Svn (x TY= S xCosSy T Cosx* g{.n)/

@K £3)= (oSrCeSE T 5vax Siny

S0 % x € [
o =1 1]




6.8

The Inverse
Trigonometric Functions
and Their Derivatives

J=8nXA ’\\k\vf'}_ Y-Cos X ,/-\.\\\7/

v = S{V\.-‘(X) (*) q= CC?S-'G‘) k\_\
g, |

% £ [1,1] x e [ )

d = ["E/ﬂ-j
? 2

Sin'(e) = ©

Y= tan X
<~ € R
y €L, LT




e
B EXAMPLE 1] Calculate %2" x
(a) sin"(\/2_/2). (b) cos™!(-3), .
(c) cos(cos ' 0.6), and (d) sin”'(sin 37/2)
=1
) _"5\_' ) f-Cos =%
_?___TT-- T - 2T
3 3 >
- =\ -
¢y 06 d) sod' (Sin 2T
W _ v
2 =
B EXAMPLE 3| Calculate DY
(a) tan”'(1), (b) tan'l(—\/g), _
(c) tan”' (tan 5.236), (d) sec™(—1), = €oS (-1 )
(e) sec (2),and Co$ &  (f) sec”(=132) = sec- '::'51
o) IT Q b) tan (-J3)
“ i
£ ——tan J3
N ) PR, . -
3

C) Lad (&an 5.234)

ban" (.-}.13L) - - -f;an-‘.(\.'-}‘gl)
S WY o 1 e B



d) Cgs‘_"(—l) — ﬂ—-..c:::{l(_\') =T

=
A
e) cos == I%

- -/ |
$) sec f132)= cos (P53

= Co¢ ((6.3S3S )

= - cos (orsIT) -
2.U72

Theorem A

(i) sin(cos'x) = V1 — x?
. ! Vi< /
(i) cos(sin”"x) = V1 - x°
(iii) sec(tan™' x) = V1 + x*

(iv) tan(sec™' x) = { * Bl 4
' -Vxr -1, ifx=-1

Sin2l® = ﬂS-"‘E

B EXAMPLE 4] Calculate sin[2 cos™'(3))].

ASnles Z Co%C —%‘—-
R
2 -Gy -3 = 4[y-%



a2 f

DySmk = CosX DX‘ Secl = SeCX tany

DxCosx = —Sinv Dy €SC = —CcScx Cet K
2

Dx tanx = Sec X Deok = -<oc

R RN R o et N

Derivatives of Four Inverse Trigonometric Functions
(i) D,sin'x= l = -] <x <1
L= %"
1
(i) D,cos'x =~ = -1<x<1 )
], =x%"
(@ Donty e N
¥ ' 1 + x?
I 2
(iv) D,sec'x = —— 2
lxl Va2 =1 _ ¢ y

Jr—@0"

D;\ 2o WX = \2
\ o (Yy)*?

B EXAMPLE § | Find D, sin '(3x — 1).

N,
y _\f— l.—LB?L"\)l
= = e - -

J v -xz-ex > \T e —ay?



Problem Set 6.8

In Problems 1-10, find the exact value without using a calculator.

L arccos(ﬁ)-:% 2, arcsin(—?)‘-‘-’- ~Sia” (J‘E) * 'I;;E

2

In Problems 39-54, find dy/dx. \ — 4
39) y = In(2 + sin x) Nyt
@ y = In(sec x + tan x) A N4

39) D,( [ ﬂLCZ-_tS}nx__}—lg - CesX

A +Sivnyl

= () Bx ﬂ, Lsecx xtan x:l =  Secxtonx sec«
Secx rkan X

-t \
CesS =7 _—

y = arccos(e®) = Cos™ (e*) \/\_,V Jo
y = ¢* arcsin x°

| X
at) Dyfees'cen))- = e
{ J L-eX




45) D;c [E.K Sl'r\-‘Xz-l

" =
- e 2%+ @ Sin x>
J e
@ y = tan(cos ' x)
@ y = (sec”! x)*

) Dy D:O\nCCoi Ix)] = D« [;a@»s"o ]
%

CBS Cas”
Ye =L -
Dx { (l-%z)"& = XLl 22) = P
X ~
= "7(2 ___;/_\ -X< Jj_.:(_e
szl—xz x> Jp-xe




s B P N

J’F?:%)z —1 B (A=)

i NN

XK2-1 j__x_‘-l -EXZ-H S

(-
54. y = xarcsec(x® + 1) Iy S==—;

Dy L X sec (X2 )\

— x 2—/( . ~+ SEC-‘ (.?(z—\—\)
EETR N NPTRICHR|




A < ecﬂ i( Ko \)

XM y2x™




6.9  Inboth mathematics and science, certain combinations of ¢* and e occur so often

The Hyperbolic that they are given special names.
Functions and Their

Inverses | Definition Hyperbolic Functions

by

et — "

The hyperbolic sine. hyperbolic cosine, and four related functions are defined

"l

sinh x = 3 cosh x =
sinh x
tanh x = cothx =
cosh x
1
sech x = csch x =
cosh x

Snlrx =€ -2 Co

i

=% 2
sl ke Sinf A = (8‘—&-8 i

=X \ &~

(e*-e
2

'HL /%T 2 exeﬂf-y‘f Jf: 262 |

'}4'[‘2'1‘2] =1

s 1S
Cosle A _ Sin (x=\

Cosh x :'i\-\- S \'ﬂal/\/(

Derivatives of Hyperbolic Functions

D, sinh x = cosh x D, cosh x = sinh x
D, tanh x = sech’ x D, coth x = —csch” x
D, sech x = —sech x tanh x D, csch x = —csch x coth x

B EXAMPLE 1] Find D, tanh(sin x).

Esecbf[ s,'nxﬂcps X

tan (Sl'ﬁ



B EXAMPLE 2| Find D, cosh?(3x — 1).

6 @Sh(3x-\) o Sinl(3x-1)

B EXAMPLE 3| Find ftzmh x dx.

CECh

I/M/Eli\k{ = é:ﬂ'u’
1 Lo
ﬂv (Coghx

Twerse 17/ Pecbalic Functoms

&nﬁ“’x—:y S, (30) =
o

7(:"..." SJ'V\L\)/



I
D, sinh x = —— 7 \:Q
| \/.\’3 + 1 C/ c\oo e,
I
D, cosh™ x = — x>1 \‘\J-{QQ e-(>
Vil -1 .(\\)
I \
D, tanh™ x = - -] € x <]
ekt | —x°
. -]
D,sech™ x = , - 0<x<I1
xV1 - x°
\
e —— i
sinh™ x = In(x + V% + l) &P,) Jff
cosh™ x = In(x + Vx? - l). x21 QD\‘ \J
r 1 1+ x S \!‘_, "A/
tanh™' x = —In -1<x<1 \

2 1—-x

[ N1 —x*
sech™ x = In( : - ) 0<x=1 9’,

B EXAMPLE 4 | Show that D, sinh™' x = 1/Vx? + 1 by two different methods.

M= Smh X X = 2X 39y
L=2+4D,

X = & \’\‘)/
oo 4
(.9)/ { = COS\’\)/ D‘/ ’@

{

Dy = ‘ =L =
J Coshy m;‘} N e




'

2
I+~ Z=
q[al-i-\/x"él J
ot e
m J xzx)
%-A*J )(7-\-\
) xer—s X
h "Xl-“'
X - x|
D¥y — 1
y



Problem Set 6.9 Sl 2x = 25mhk @K

In Problems 13-36, find D,y.

. b
13. y = sinh” x

D(Ssahx) = 2.8nbx Gosl
Sz A

15. y = Ssinh® x

Dy = 5.2 Snhyx cosht = 55 h2x

18. y = sinh(x* + x)

Dy = C0$\'\(1(7'1-;() -,Q,x-\-l)

20. y = In(coth x)

NDYy— = csdh’x el SnhA
C@b[/l-x .S‘.'n\fzv(. Cos X

e 1

it ST




22. y = x ’sinh x

~2 -3
D]':..— X Coskx —2X SaAly

24. y = sinh x cosh 4x

PDy=4 Sinlx Sialhyx 4+ @<hx CoShux

Cosh X
28. y = cosh™!(x%) — -
3Ix2 B ey

_J x€ 4

30. y=coth’(x°) = Lok 7(-'5

-&
= -§ X
Dy - _




32. y = x*sinh™'(x°)

6 ny
Dy - SX + 2X Sinh 'Cx‘-')

J %' 2l

35. y = tanh(cot x)

Dy = sech (cotr) . (~cscX)



