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Inequalities and
Absolute Values
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B EXAMPLE A4 Solve the inequality 2x — 7 < 4x — 2 and show the graph of
its solution set.
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B EXAMPLE 2} Solve —5 = 2x + 6 < 4.
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B EXAMPLES) Solve the quadratic inequality x° = x < 6,

@- i - %ﬁ Xl.x-.8 =0
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B EXAMPIE &) Solve 3x> — x — 2 > 0.
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B EXAMPLE §| Solve = 0.

x+ 2
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B EXAMPLES8/ Solve the inequality |x — 4| < 2 and show the solution set on
the real line. Interpret the absolute value as a distance.

a2 e =2 RMCY

=244 < XK < 24y

A LERLL (2, 6)
-

y B

B EXAMPIE 9] Solve the inequality [3x — 5| = 1 and show its solution set on

the real hine.
|13x—5) = |
3X-5 =1 o 3x-5 2|
3X S-\aS 3x> €
3AsS Yy X > _f_r;
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B EXAMPLE 13 ) Solve x* — 2x — 4 = 0.
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Problem Set 0.2

1. Show each of the following intervals on the real line.

(M[—]H *—ﬁ-ﬁ—* (b) (—4,1] — 1

© [-1. ) _ J{- (f) (—o0,0]

P

In each of Problems 3-26, express the solution set of the given
inequality in interval notation and sketch its graph.

P x-T7<2x-5 4 3Ix—-5<4x -6

-3+5 < 2X X

- & o
x>-2 Q > oo
[-2,00)
1L P2 +2x-12<0 12. 22 -5x-6>0
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28
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(=1-B5 - 7lxdz )

13. 22 +5x-3>0 4. 4 - 5x—-6<0
x + 4 3x =2

T i S = > ()
x—3 x — 1
2 7

17. =<5 18. — =7
X 4x

3) 2xtyrSx-3>0

(2x =1 ) (X¢3 ) >0

[, E—— ——
J \ + + ~== == *
< = —
2~z X*r3=0 -3 Y,
y X A=—3
o= _J.l— (nnpr -3) v (—é— Juﬂ)
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A
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X-22>0 "
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2L (x+2)x—1)x—3) >0

22, (2x+3)3x-1)(x—-2)<0

23, 2x=-3)(x—-1)(x=3)=0

4. 2x-3)(x-1)(x—-3)>0

25, ¥’ -5 -6x<0 26. x* - —-x+1>0

2)) (xa2Xx-2(x-3) >0
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In Problems 35-44, find the solution sets of the given inequalities.

38, |x=2|=5 36 |x +2| <1

37. l4x + 5/ = 10 38. |2x—-1] > 2
2X X

' 39, |—-5 = o 4

39 = = 7 40 n | ]
2% -5 <-F 2X -52> L
E +
2 < -2 2x > 3

% 4
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B EXAMPLE 1) Find the distance between

(a) P(—2.3) and O(4. —1)

| (b) P(V2,V3)and Q(m, )
x4 9, X2 9z i 3 Xz Y3

d = /[(q._-2)* ’ [57

& o=flg-2*(1.3) -~ [ 3¢aly =5

h) C‘lfﬁﬁ-ﬂ}lv(_ﬂ—ﬁ)l
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ATy =5
B EXAMPLE2) Find the standard equation of a circle of radius 5 and cen-
ter (J. =3). Also find the y-coordinates of the two points on this cirgle with
v-cgordikate 2.

VS o PPl Ao LS )
(,'lf =3) =5

CRah) e (y-g) = %2

(el 5+ 5) =25

- ": = - " =
-.:’rl:"*"—" i-i‘n-:’b".r""

(2-1)°+ (Yro)*=2s

V+(9+5)% 25

ﬂ:-_g N s'jz_,.f 24

d +5=%f )2y

Ry =21J24 -5

3 — ‘_'.'21-‘45_—"5



B EARMPEEED Show that the cquation
z r 4
_1-'1 — Z_L- 4+ _'i-": = ﬁ_‘r = =y &"-h} -'h('j-u] *"f"

represents a circle, and find its center and radius.
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LA X1 vz

(3:.2) (%.4)

M2 = 2.5(x-3)

B EXAMPLES  Find an equation of the line through (—4,2) and (6.=1).
el sloleo s |
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- EXAMPLES ) Find the equation of the line through (6, ? that i 0

the line with equation 3x — 5y 11. AT

(m,) L ;,ﬁ..-n s Ll >




of Ih.. lines wuh equations ’I-'; + 4y =8 m:,l hx — I[h
the first of these two lines (F igure 16},

A= 8

E 1

mMaq = M H"U‘:—" n (X =%\
J

bl Lo o~ u:é.*!-.. odo 2 f-_:.:r__.-'-
(Bx+uy=g ) x=2
FER

A —-8Y = 6
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Problem Set 0.3 B
(KXY + (4-c) =r?

In Problems 11-16, find the equation of the circle satisfving the
given t'muﬁfinn.'s'.h .
Y -
11. Center (1, 1), radius | (% -+ y-)° =1
12. Center (-2, 3), radius 4

I =
13. Center (2, —1), goes through (5. 3)

20

d= J(:c;-xo"-y-&h—w‘
d=J(s52)%+ (212
v =d=Ja+5 = J2s- 5

{ X*—*ZJL+ (fﬂ-{-l)?-:: ? B

In Problems 17-22, find the center and radius of the circle with the

given equation.
7. x*+2x+ 10+ v -6y —=10=0
&) -

X¥2xe)] + Yi€9+9 = 1010 +1+9
":— ~ = —

(e +1)* 4+ (y=-3) =10
Centre (=43) Y.—;m




In Problems 23-28, find the slope of the line containing the given
Iwo poinis.

23. (1,1)and (2,2 24. (3.5)and (4.7)
) 25, (2,3) and(—5, —6) 26. (2, —4) and (0, —6)
27. (3,0)and (0. 5) 28. (—6,0) and (0, 6)

32) om= P2 =91 = 24 -

—

A2-%, 2=\
25 ) M= —&-3 ___i
-S-2 +

In Problems 29-34, find an equation for each line. Then write your
answer in the form Ax + By + C = 0,

© ) 29. Through (2.2) with slope —1

Y-Yr = e (K =%)
B_l: -\ K =2)

H"'L‘:r —_— o
-,,.#""

J=—=XxU4U o YxxX-A-o
: ) 33. Through (2.3) and (4, 8)
M. Through (4.1)and (8, 2)

In Problems 35-38, find the slope and v-intercept of each line.
3B Jy=-x+1 3. -4dy=5x-06

33) wm ¥y - 8-3 i e
zyYa-9y 2 8-3 s i
N [ B Ja



13—6 =64 =\O
2Y X x4 =0

In Problems 35-38, find the slope and *.?m!e: reept of each line. 9 =m£"'®._
3B Iy==2x+1 3. -dy=5x-6 M

35)  3Y = -2x |

- - - =T
'-‘j = -:—r'-‘){. +@ 8 ntrévcef= -
Y e ey W ot oscie

3 T
39. Write an equation for the line through (3. —3) that is

(a) [pamallclho the line v = 2x + 5:

(b) perpendicular to the hine y :@ i -
(c) parallel to the line 2x + 3v = 6;

(d) perpendicular to the line 2x + 3y = 6;

g"‘y} = m C?{-—'b{l_}

Y+3 = m(x -2

T _-—_"-..‘___.,..-r""'-_—--'-_"h—l-l""

ﬂ.) Mz = r, = 2
g+3.=- EC#"?)

b‘) m; = —;__mi_ = _'.--L-

J+3 = -L(x-






0.5

Functions and Their
Graphs
* Pes) e | d= fe)
o, TSN
. paglin U = X »1D
Y4
o ﬁb 0¥ w:"‘U‘
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Xz3 J=&rto=ls

X=1l0 Jd = 30+10 =y
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B EXAMPLE 1| For f(x) = x’ — 2x, find and simplify

(a) f(4) (b) f(4 + h)

(c) f(4 + h)— f(4) (d) [f(4 + h) — f(4)]/h -
(g+b)
=a'p2abth

a) J?(I{) = ?2—2[&:} — 6-8=8

b) ff‘*-l'kj Lufhjz— 2( 4+ )

=+ 3 hilh" w8 -2
=h"+6A + 8 =
e) Plusty — Plupy = brabht2 .=l atl

d) flurw) -Pcw — |2 6l A(h s €)-tsg
E b -
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A xS
E'E"'Sg =S5 L\ iR oS P Jes

JOUWD ~obo) as. 2 VW Qe O
O /x5we'sw D po, uS)

Ferr= S x-2 x-2 =20 X=2 T2.9

. -
PRANT IR ENPS VIR £ oS o0 N @
il Use— B3 M Lo NS

ﬂ-"‘) - W =2 20 r7zz2 Q)
Jﬁ~L



. CARLRY PPy
B EXAMPLE 2! Find the natural domains for

b . (b) g(t) = VA2
(c) h(w) =1/V9 — w’

) g(?']' =;L_-3 X-3 =0 X =3
Xx=3 latle Nsdy el
EX 2 % £35
b  dler=Ja-t? a_t* > o
4 =& 2z |t

L-3,3]
O Ihw = |
Jaa
4-w* >o 2 Y
g2 >/wl W < 2
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R o i Yg=x"x2 s B A
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. EKAII_PLE44 Sketch the graphs of
@ f(x) = x> -2 (

eren  odd Pun&:bm ,—q_,',)'l ~03 ) "ol

/ ax L Jgt
| A el r.u'l.':

a2, 3 ;07 .u_,.- %5 3
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v + 3x

b
=3+ 4

B EXAMPLES| Is f(x) = even, odd, or neither?

s 1) SosEs

Plx)= x3, 3%
X4 —3Aiyu

Pe-x) = (x)’+ 3¢2) =_=x® —3%
C-%)"4 3(-x)"x4  x" £ 3x%ay

= e | %4 BN ]
X1 3%°% 4

E(—-)f) Py i ft’}f) Add fun@f—-nﬂ

IR ARSIAL



Problem Set 0.5

9. For f(x) =2x" -1, find and simplify [fla + h) -
faplih Flasl) — Pray

I~

flos) = 2C a+h) %1 = 2(a* 20k +&) )
= 2a2tfah + LW -1

fla) = 2a7._)

fim-rﬁ-u)_. f{ﬂ - 27 +uak +L‘/- 264X

~ I~
= 4Yah an' —K(Ya + &) _uaw,
- _ e
13. Find the natural domain for each of the following.
(a) F(z) = V2z +3 (b) g(v) = 1/(40 — 1)
(¢) ¢(x)=Vx =9 (d) H(y) = -V625 - y*
SR (6> PREXTS 2242 =06 z2z=-3
z
® f
=
W JW= A S V=
v V- >
Vv L] Vit o veR
ey Whr=[#*-1 Xtq >»



- Y} SrT—
b %

(-0ps -3 ]U [?;D{})

d) Hey: [fas-9° 625 -Y' >0
61533” W&gﬁzs i< s
L-5,57

{B ERL -RYss g

In Problems 15-30, specify whether the given function is even,
odd, or neither, and then sketch its graph.

15 f(x)= -4 16. f(x) = 3x
B F(x)=2x+1 18. F(x) =3x- V2
3
19. g(x) = 3x% + 2x - | 20. glu) = %
X 2z + 1
Bl. g(x) = — 22. ¢(z) =
x- — 1 g =]
&) Flry= ~u euen
-

~> Ntither €uem wnor odd
\7) ,EfH'J':Zi-i-l

Pe-%) ==2x %) e8> e 9o¥

XV
Y el ﬁ/
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X~
S("'KJ = =K ) .8
(-xF =1 xE-1
Elx) = = EC-2)
0dd
X101 1 |-t ’_] 3 | =3
9| o oo | o = ,?,% - 3
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0.6
Operations
on kFunctions

Sums, Differences. Products, Ouatients, and Powers  Consider fune-
Tions fand g with formulas .._._,l.--ﬂ A AS VA Uiy

L glx) = VA W s
v s 2%y G20
(P+9)0x) = 223 2 JF Lo, 00)

flx)

P

_ﬁﬂ‘_-_" ! mer }-'I-ﬁ
e —— o
o
Formiuln Domiam
I'L_* H_|H|=f1|+'1:[=.r—% - [0, =)
(f —g)x)=flx)— glx) = 'l—:'— v [0, 20
(F8)(x) = flx)g(x) = 2203 0, )
i flx) y — 3
{-_]“,. ek (0, oc)
g Blx) 2vx
I e &
‘Ef?‘-_,] = x;g = X-3 ['n..nﬂj .:f V) uS
J T 24x s 3P ac) ol
'J X : P4 -
— o sl Vallo v I
: JXx =8 (GS )P \ e s
4 =0



B EXAMPLEET Let F(x) = Vx + 1 and G(x) = V9 — x°, with respective
natural domains |[= and [-3,3]. Find formulas for F + G, F - G,
F-G, F/G, and F® and give their natural domains.

(B+6) x) = \xay o Jax ) # !

domaon v, 3] all
@0 te = Uty o Jag®  [-9,%]
(£ .6) 6 = Y xay Jaxr  C3)

£Cf~3 -.—._“‘F: (), 3)

d (a—xz
a-x*= o ¢ @S A ) S
- =0

g =

Jx = &

3 =K

S/t

5
Fgf-ﬂ') = QJ*CH) = (xXx))
cldona i E—‘*f:ﬂ)



gofl)lx) =glf(x)) = x('

(f = g)(x) = f(g(x)) = f(VZ) =

Cbmﬁﬂ S,u'an a)C fmnﬁ?}bﬂ

8% 3(?&)) 9 w2t P Cowm

ﬂ = y(ﬂb‘}’) 8 O9'5 3 PGP

fﬁ:ﬂ}-:. X -3 Q.r.:-::x:ﬁ
g =

Jo P = |
Pﬂﬂ(?‘-} — J’_‘;}

B EXAMPIE D] Let f(x) = 6x/(x° — 9) and g{x) = V3x, with their natural
domains. First, find (f = g)(12); then find (f ¢ g)(x) and give its domain.

SOLUTION

Oy e oy 4
(f » g)(12) = f(g(12)) = f(V36) = f(6) = =— =3
_ = 6V 3x
 g)(x) = f = f[V3Ex) = —=
(f = g)x) = flg(x)) = f[ V3x) T
Peey = €% a(x) = J 3«

x*-9

¥ () = 30 =J= € Pas) = %’H"



b P&ﬂ(‘ﬁj = 6J3x s EJ3x
(Jax) =9 3x—9

el yiap w2t S5\ O e sl
$rR MAYW 2 (fpld A GuS D) s

— m—
=

ax RZzo
V3% e e
3 -9 AxX—-4z=Zp ¥ =73

Ce,3)V(3.®) JCas)

.EMFLE B! Write the function p(x) = (x + 2)” as a composite function
ge /[

Plx>= Cr+2)

(o= Ceen_ Soex

: - X
fﬁj (}CJ —8 (2’_—}-2.__)

. EI.A.]!!PLE]I Sketch the graph of g(x) = Vx4 3 + | by first graphing
fix) = Vxand then making appropnate translations,
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Problem Set 0.6

1. For f(x) = x + 3 and g(x) = x°. find each value (if
possible).

(a) (f + g)(2) (b) (f-g)(0) () (g//)(3)
(d) (f = g)(1) (e) (g = f)(1) (f) (g= f)(—8)

a) (£+9)(z) = P2y + 92,

=z 85 44 =9
o) (F-9)cor = £lo) - J(o)
= 35 .0 = &3
ey [Oveyy o 93)- 9 - 3
(-E) F_ﬁjffﬁ_) p; 2
g% fc:ﬁﬁ)*:p g = |
.P(?):L}
e) 9o FC1) Puzy
IQu) = k¢

£) 9.[(-3 £¢-8) =5



15. Sketch the graph of f(x) = Vx — 2 — 3 by first sketch-
ing g(x) = Vx and then translating. (See Example 4.)

11. Find fand gso that F = g = f. (See Example 3.)

(@) F(x)=Vx+17 (b) F(x) = (x*+ x)®
) b)
Je&'*}-': X+ 7 PC#):. 2 + X
90 -§ x- 9Cx) = g

{ej Frx)



0.7
Irigonometric
Functions

/ Snt = & Cost=
¢ a <
t C {Eﬂ.n [-,;_-_-_1'.3_

b b

ooy

COCH e A Sec k-
Sk CasSk

Cot £ = = Eant= smk
Cnkid CasSt

Stk pCack =1
N = —— e,
Sin (=) = —Sia(4 add  akr .

Cos(-€) = casSt even  ~037

Sme = Sin(e+21)

Cost = Coslexam)



B EXAMPIES | Show that tangent is an odd function.

SOLUTION
sin{ —{) —5in |
Lani —r) . tan F
cos{ =I| cos [

Eont = Sat
Cast
EFan (-t) = Sin(-t) = —Sint _ _tant
Cosi-&J CopS €

{:}d‘d J'—MCJ--"# —

B EXAMPLE®| Verify that the following are identities.

T

1 + tan‘t = sec ! | 4+ cot“1 = ¢sc” |
o) g 2
| +kan £ = sect

Cﬂﬁ‘- v | - Sfl‘?'ﬁ' — fﬂﬁlh -+ Efﬂl = _-L'_:_
e Cosft Cos’E Cos'€

SR S P . sec b

-2
o) \+ Cok t = csc’t
\x Coglc
Sin g

Sntk 4+ Cote = A
sSmik 5




¥ distobingportantidemtities We will not take space to verify all the follow-
sin = = ing identities. We simply assert their truth and suggest that most of them will be
needed sumewhere in this book,
L)
cmit = -

Trigimmmeirle fitemiities  The Ioflowing are troe for all & and ¥, provided thiet
both shiles wie defined &l thie chisen & and .

1 kdd—cven ilomiigios U nlunction identithes

gt =af = —sin g 'Ih{"' - 4) - GUis &
oo =x) = cox & ur\(——l]'m:
tanl—15) = —tam 1 t.n{v— - I) = gl ¥

Prthaguren bemiities ldidiem identilies
win' 1 4+ e’ x o= 1 sin(x + y) = sin.xcou y + 008 ¥ 8N ¥
14 tan’ x = sec’ x i cos{x + ¥) = cos xcos ¥ — win xsin ¥
= g _ tan i + fany
b oor a7 ook S  — naitmy
Promble-angle ideatities Half-anghe identities
I — tom 1
. s 2x = 2 ¥in ¥ cos ¢ '"'[Ej”"lr 5

m - 'I £- = Fu‘:
. o 2y = oo’ x = i’ @ “‘(1) - 3

= dom®y— |

=2kt x
Sagunty bl mli g

s iyl 551)
S

Product identities
sin xsin y = —3fcos(x + y) = cos{x = y)]
cos x cos y = Heos(x + y) + cos(x — ¥)]

sinxcosy = %[ain{.t + v) + sin(x — y)]




Problem Set 0.7

9. Evaluate without using a calculator.

1 L]
(a) tan = (b) secw (c) *-.L-::Tr
T T 'y
(d) csc E (e) cot T (f) tan (— T)
qD = /2
il s e/
3|-r - ﬂ" = I sin ! cos i
T }. 1] (] |
@ PeS 7/6 3D 172 Vin
w/d NF V22 V12
-{-bb o =/3 80 Va2 112
« 360 72 | 0
a1m I/ 1R V32 ~1,/2
3n/413% Va2 VT
57/6150 12 /372
w i =]
» \
a) ba‘-'ﬂ ._2,:.. — ‘SIHII_ = LJ"‘ = # - _r_!'_
2 F >
C"S'E ==
by Sec(Th) = A i o ~[2d2
Cesll =i
|
I"..._} EEi o P‘t- — \ — - S "".?-"-—- - .-.E:
- Cos (3IV)” & Ja
= i =

d - 2 =P
) Ccsc L";— i 5;:1{&} e \



Q) Ca(—:(f%) - —Cd-SIL.Z =
Sinﬂ."{

P) fan (-IT

A,

) = -—{:ﬂtﬂ_‘g; - Fl‘ﬂ_l!'___- =l
rﬁg

11. Ventfy that the following are identities (see Example 6).
|

sec” 2

(b) (sect — 1)(sect + 1) = tan” {

(c) sect — sinftanr = cos

(a) (1 +sinz)(]l —sinz) =

sec’ { — | . Coanth) (a-Y)
(d) - sin- f
SCC” [

- . \
o)  Ci+8inz) Li-smz) = ——,
- | - S,‘n"Z CogciqgSnz= |
Cag"‘?.:\-sn?z
L TN
- Cos & S Z =l-Cas 2

e &
Sec’ z
b) (Sece -1)( sece+!) = kean

= Sec’t - |

= Lan®t I



€) Sect — sint tantk = Cosk

s

— - Sint Snt

Cask Cosé
L — 51-1'11{‘.
(ask Ceock

\- sin?b = Cost = Cosét
c oct - T

cec’t
ﬁl‘ﬂtﬁr
fan? e}qr‘{ = e e
— A

Find the exact values in Problems 27-31. Hint: Half-angle identi-
LN L T e

ties may be helpful.

| H 5
27. cos - — 28. sin-—
3 6
T . I
29, sin"— 3. cos——
6 12

SR Gt S B Cs

% Ealys =4



CHAPTER 1 Limits

1.1

Introduction to Limits

Do 2L 5 1ot _

o
i8] x-) I=1 @

ﬂm (=) (X% x 1))

K~} (x~1)
lyly)l =3

B S | Pl
t'u’"-’"" SV

N v LV
A
Fix)= 3x-\

ﬂ""" 632‘-—0 =D
X—3

fe—as | |



O aavidl G VAN OS eatl e uwab—ails
o - “- L .
=y 288 eulgriols

B EXAMPEEDY) Find lim(4x —-5). = 4(> -5 =7F

—

B ExAMPLE2] Find lim X —2* 0

=3 Xx-—23

h:._l..-..ﬂt.:ﬂf_,ﬁ*'r’-"‘"

(2 =3 -8 _ o ;ﬂ":"‘t-:f":-;""t't",".“-"'(

3=3 ﬂ\_,.l'\da_lj s
rx:n.i-wn...:' A=
i
ﬂ‘m ¥l% -8 =3 ﬂ.‘m (»~5)(x42)
=23 = x-3 X=3 (A -3>
2ya) G

.,pf"’“ (x.2) = 4

L= 3



B EXAMPLE S| (No limit at 2 jump) Find lim [ x].

SOLUTION Recall that [x] denotes the greatest integer less than or equal 1o x
(see Section 0.5). The graph of v = |x] is shown in Figure 7. For all numbers x less
than 2 but near 2. u_] = 1, but for all numbers x greater than 2 but near 2, [x] = 2

I5 | x] near a single number [ when x is near 27 No. No matter what number we
propose for [, there will be x's arbitrarnily close to 2 on one side or the other, where
[ x] differs from L by at least 2. Qur conclusion is that lim [ x] does not exist. If you

L] i
check back, you will see that we have not claimed that every limit we can wrile
must exist. L]
2

I‘j.S‘ T Pooy = [x]=[2]=2
N4

ol L3\l =2

f,f* = [ 247

= ey

s om _ P@) ==
X2

P Bexs = 2
K=>27

.ﬂﬁﬂ ffﬁ] o j”ﬂ ﬂ'.#j = ﬂ ﬁﬁr_} — nok

£ =3 #* - x -2 exst

i Lefs wand Jome
._ﬂr'rﬂ Pf-‘b‘} — -'-' JLJ;

,(-11-_

_.---v“--‘ T N

_-'.'ﬂ,-""_'-

7~ 9t Rrgl Inam o ,(.r'nni
1-"""_ E[F] %_D,ﬂ ]qfrJ = .ﬂ .ﬂ. """" Pf-"] =
-2

x=2" Thot Exisk ;t-"l

e R R e LR o
06532 30 b G --g--'_""ﬂ-'ﬂ — 2 — V%



Problem Set 1.1

In Problems 1-6, find the indicared (imit

[ #-3) = 3.5=-2
L !1r':|t{.l. 8 2 Ih.m![l 24) '-q;_‘]
A I_|ml|'.1;' +2r—1) 4. ||rn1[1," + 22 —-1)
5. Im‘:_r:: -1} . Ilm_[f ~ x%) :’}j Efi § 2K = ‘J
e el | i f—— .’-'l'

=2y 2(-2) =) = -1

Fin Problermes 718, G the imaicated Mt T miosd cases, o will be
wise fo oo some idgebra first (see Example 2]

D Sin x4 = &

. 4 & :|| ——
T him ¥ B lim : r-?lq' = 1 A= £ =L
=} I a P, | ¥
W 3 - i & 4 4o 1 = B
9, lim = JTr I'L T I'"f# _ﬂ"‘" (Mu 3
pee gl -
3 2 1 _ g A=-s2 y
@ JimI " 12. fim2
——i X 4| -3 X = 3

L Cxs2) = Y

r—pe

8) Jimtiate-2 - 49—28-2 - o
E2-F 4x3 -+ 13 ol

.p;rn wa'i‘) — ﬂ-'ﬂ'l (¢3)= —10

27 -7

™ gf/(:}[ﬁ-t) = ﬁr'm X-t = -E-¢&
K—>-t yrE‘ i = .24



43. Find each of the following limits or state that it does not
exist.

x—1 =1
B Iim
e I - |

() lim
i—1 X |

'.
o
=
i
-
|
I

ﬂi'm [K-” =

x| £—1 -\

Dim }K—li ” o P, _"L_.: x|

Mj*"m L’E:ll dees nett ex.$€
A=) A=

bl -Gl‘lﬂ_ '}(-—ll - oy |

= T

K=l



B2

Lt0e Y Main Limit Theorem

Let n be a positive integer, kK be a constant, and f and g be functions that have
limits at ¢. Then

: !iﬁ.kﬂﬂ = k !im'”'t}: ‘fﬂst - EFF:-T'H 15
- Nim [f(x) + g(x)] = lim f(x) + lim g(x):
- lim [f(x) = g(x)] = lim f(x) = lim g(x);

lim () (0] = im f(x)* lim g(x); 5 peest0

fiz) I e TR L
M = i gy PrOvded im ¢(2) # 0 i
11 ]
im [£0)" = [lim f(x)]s g g @rat) :—@:: 2%+ )

9, Ii_r_n VFlx) =V Ii_r11_ f(x), provided Ii_n_t flx) = 0 when n is even.

Find ]im1L 25"
g,

“

2P %' = 3CE) = \62



B EXAMPLE 2] Find lim (32" — 2x).

=4

j:'r""?BIL - f;‘-ﬂ-’? A

. =i LY

(W) - 22U = 4% -8 =lo

B EXAMPIES] Find lim .
,p*l""‘" ol & = q
._;_‘_?Lf — /_,é?m [_3!1+‘U
<=4 =
ﬂ*"’“ X ——
Fm2 O o U
0 7]

W EXAMPLE® If lim f(x) = 4and lim g(x) = 8 find

lim [ £(x) - Vg(x) ]

,ﬁ,'rﬂ ;P!:.}xj - _/Olm; é‘tﬁ

ek m-rd
2
(gt )
ey -

) - Yz

6 = £ = 32



LI —10x* - 13x + 6
W EXAMPEES) Find lim ————
————] =2 3¢ —6x — 8

H2) '~ 10(2) = 12(2)+6

— ('~ €(-3
s
.,f"'::
12_.711 — f —'3 -
2
S
(=% e 2i 4 (A #B)= A'x2AB+§"
ALB(A+BIA-R)
3 i 4
SR Find lim > XY T _ X 34T
=l x*—dx+1 =1 |x—=1F

IIJ?+3(U-1-3- — 34+ = —‘é-
1t =201) ¥y [ =241

-";'.Jr-_"."ﬂ-"ﬂf":."" el |

W EAMPIET) Find lim————. = RS - BN
— —_— - =i | .\1‘_I e e — g nll ‘;—;
=1 s e

S

-

(Lab, Gosr @ pS\ 2 adl 9p

j;'ﬂ"? (;-kjfml]
&t ey LR )

j{m W{ﬁﬂ] - 1
¥ ,L/_,_/[/




B FXAMPLF B Find Il!'n .,+"'1¥ _'_Lu.

=1 ¥+ r—0bh

- Yy g -0 = &
Yad -5

Lom (& A)A¥E) 3
i %&f—aJ}@&EJ @

,ai-h’.'.‘#

S?UEEZE Agvaresm

P<s <
)

—a% o bty =
fim = 'E',,;_,_,::

ot

. EXAMPLE 9 Assume that we have proved | — /6 = (sin x)/x = | for

sin 1
all x near but different from (0. What can we conclude about l!l'_rt“ =
i

fex® = S A
E - %




Problem Set 1.3

In Problems 1-12, use Theorem A to find each of the limits.
Justify each step by appealing to a numbered statement, as in
Examples 1-4.

L lim(2x + 1) 2. lim (35 - 1)

e | r—e—|

jﬂf 2A & ‘p;-ﬂl’?’ =HIJ+I=\3

A= | X =1
2y + 1 4+ 1
5. !IEI =T 6. ,IL'“-; =
j:"‘“ 2 A4 I 2 | -
72 —_ .2_"].1 = -—E'I =
C -3(2)
Wi m=ti
e r
9. E_m_{L’:'“ + I5@ 10. lim V-3w' + Tw’

13
(Lo 26415) = -2 w15 )6 ws]

% -2
[-—tjlz: -1



In Problems 13-24, find the indicated limit or state that it does not
exist. In many cases, you will want to do some algebra before
trying to evaluate the limit.

5 a —
.o X — 4 o X =340 y
13 tim 14. lim e &
g==2 y* 4 4 == xr -2 {J o
N |
. i - 2_‘. - 3 . x4+ x
15. lim 16. lim —
x——1| xr+ 1 r—=-] x* + |

1S) _ﬂn""’! x? 3x-3 - VY -U~)-% _ O
e A —\ i | -

,@"""" (R -3)AD _ (-1-3)= -
ooy =4 {_%1}

X +x-2 , 2 — l4x - 51
19. Iim . 20. lim -
=] x*—-1] g==3 x* - 4x — 21

_,e:*m :-'fl"-l'lﬁ—-l oy ]1-1-\-1
7 =2 ;{1._‘ (2=

fim (% +?-'}£f/6 R

=1 (& +) ]{.ﬁf‘{) -

Q.
)




‘FrLS

25-30, find the limits mm'
see Example 4),

. 2/ T . 2f{x) — 3g{x)
28. !1_[_11“ V[ (x) + g*(x) 26. !'_T. ) T g(x)

27. lim V gl’xl[ﬂl} 3] 28 lim [f(x) - 3]*

E="a | B | |

.ﬁuw 3(:4) [ ) P{x)-i-jm 51

A>Ar K -ra

- #E3+3__1



1.4

. . . &
Limits Involving . s
Irigonometric Functions ew. <°

o —
S A PRV
\.'J.", :"ﬂ"""l }m Sin T _Q...‘
qWh € o2 X ) Jis e
e i Snll =1 :"'/":] ~® Lalals P
St 4 2 O pas [ pls
A el 5 EL" I( \o' e
E, ,F_pﬂ__‘_;u.l-
‘an® GOLN  aXEr g\
!'m S&'ﬂ‘é‘ -— y V) FJ'J“'I gi_ e 3
-6 Tz 1 _/—D '}_-a E
T ¢t ¢
: jg,...-, Sl = X
g —+o 3C -
ﬂ;m I—cost_ P S22 3¢ ~ 3
=20 = Ao YT -
h J;'}‘“ &HE —_— i
d-—?ﬂ C
\_& Awm  taast - &

o

£ =2 &

J.'m SmSA o __’;'z'_
Eoin dX “



t* cos t

B EXAMPLE 1] Find lim

i—=0 [ +
y
a
= \
G )
B EXAMPLE 2| Find each limit.
sin 3. | — cost in 4x
(2) lim —— (b) lim ——— (c) lim =
k== X == sin i v=—0 [aNn X

ﬂ}_,o-“'l _:\_?;i j;mESiﬂ:S;L

%= 0O X=o 3 A

3 rm Sin3A — 3.) =3

L—e Syn€ & k"s:_‘.}
7
m [=Cost
£-2 < e .C_). i
£ > <







Problem Set 1.4

In Problems 1-14, evaluate each limi.

. COSXY _ ceso _ 1 _
Lo i) ———= = =Tt \
=0 x + |
2 COs” I _ Ces’o -4 =1
" =0 1 + sint¢ (et
. Srax \
§ [in SINX _ o ———= =
. 9 KX-30 %
= <X
' 3 538 aw B
. sin30 _ 9o 36 - E'T =
7. him Ty T e tand
=t Ldl 5
cot () sin 0 (¥ cosmb &nB
9. lim - g,
i —i 2 SEC H 2
= Ces O
~ tan” 3¢
11. Iim .
={) 2 Cos NO 5in6)cesE
SinmTe
T sin 3t + 4¢
. Iim
=0 [ Sect Jim CSRE ous®
gia— =T
1-1 :'z_rr'
2T

@ .Jl""" 8""‘136’ = ‘ﬂ'i’"‘! 51'"13"5- ik
L6 2t Cos®3t 2t Cag?34




Jem (838 Sn3ze . I
) : CeS* 3L

@ _’Q"‘m rSfﬂ 3L + Ut 7_-},-(»-, Sin3k %

o0 & sect L—2s L Sece /6 s€ct

_/a;'ﬂ 718 v'n 3 s (o5€ + L{fﬁS'&)
E-7e 3 €

‘ = nse
S L T ..

#—0 sin 20 Snl@

14. lim ﬁirl-‘ﬁr _ﬂ-*ﬂl Sin@ - ‘s“’l_g' = ) j:'l
=l
& (o




| B8,
Limits at Infinity; 27

K —ngo
Infinite Limits
L
,Q;'r‘ﬁ x — e =]
# —pob =
EJ'-"" 2 = =0
o =~
X— oo s
rp"h.l..ﬂ
—-J:'J_. — > oGl \3 Gl pS) B dans
rao e

Hﬁfhaqu;rﬂb-+ﬂﬁu;
o ’ﬂﬁh
Q> ]:r-ﬁw o> sl V3N

A Lo = ol ol P& eerd
i'[_,g.lw

Pl _x.-r-t-Eﬁ = @
A —ao” %% x| j;'ﬁ"‘l @(F—i'f‘l = 3

e x>+ |
A Dw 25+2k

-y )



;ﬂ....-..-:
B EXAMPLE 1| Show that if k is a positive ipteger, then A 2g
AT £
l *
md hm — =0
R I
jrm 'I g _ -
= Y

.mmz; Prove that lim I > = ().
=] 4 x*

fom = %
L —2® | o+ X% S
o P
/,a:“'?.z'g
e oo = 0 .0
>
4#;‘5‘_ +l O\
-. 21 \ -2
B EXAMPLES| Find lim —— g<
-] 4+ x 2 €
N ;
.p"ﬂ'l 22X ¥ 2
4~ —OO f 2 = .' __1_ 't"l
- E o o
x? " x% x*
2
= = A
— i |



and lm

B EXAMPLES| Find lim G nd lim s
: I ol
ﬂ,m 2 - LT =T aes
x=4 (x-1) sl
- +
I _‘p.r?ﬂ 2 — _--_-_ — tﬂ
i o 17 C<-1) Jorae
X l.osl
!
5 .ﬁrm i = 1 o0
, ® =1 (0aaq- ) ‘-'-';::;-F
-1
:
[
M o—— 2

x + 1 W S |
[ =

B EXAMPIE 6/ Find lim, = “y_\o4s
//-P

[

— a0

J?,,'n. * + | T i
+ —  — —

K22 (x-3)(x-2) <

i

o,

oo O
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Asynmptele U L

hor 2eaial & g

ﬂ.—lJ'h:J
.ﬁfﬂ' ﬂfﬂ) e s a9 gl LAl il s
2 —D P -
\ evitecad : & 2929 ﬂLE»Ji =~
|
22\ :
|
|
T e
\

(€D ¢Ch! (o) i g2 wiy?) A kb
Iy D) GaS
ﬁ'«m ff'!"_] — 05 pf'ﬁ? Fcx) = a0
z—c’ X=oC

. EXAMPLET) Find the vertical and honzontal asymptotes of the graph of
vy = flx)}il

fix)

i r— 1
-l—t..-l-d-—

L]

|

i

i

i
x =t

X"  nat






1.6
Continuity
of Functions

Y - ,p-n..-i '
202 of
* d"’ &'ﬂ:}: ﬁ.’ﬂ
A= &
Jelo e

lem fiv) =I|'|= ]
otn ¥
D



B EXAMPLE ) Let f(x)

r # 2, How !-;hnuld_f be defined at x = 2

U

X3
in order to make it continuous there? i
L]

COR TV M P ol b
20 P Pea m_-_--—- V9 S e )

2 Al SNloce el

P4 27 P> O

¥92 Zx-2 1!-1.1 x—’l
D
_\";‘. P(!J-.: ..ﬁ.-*m )
N,‘"‘" ; Peas lii = : ‘:" B remavedble
:,_,P u,_p .:;’3 = d;gcmh'ﬂuﬁﬁy
- c;\ : xi_ vy ¥
f”y’ Pex= e =
s N30 q X=2

*:\_p_":-"éi_?-_f"’: USalel, so-41 oS .2z (D
Ferlz 252X acg
$r— N g s It aadoaigs 6
X >0 /(e Mo a0,
}"-E‘ll-b.!!_' W ol o \x\ ol s ﬂ-__-_:n-}l P 3

?‘ JF?' 'P"'l'j o\ vip N 3l Qs >



B EXAMPIR 2] At what numbers is F(x) = (3]x] = 2*)/(Vx + V)

continuous?
| AN P2
Foor= 31 —=%2 ol
S %

A and X5 ¥ x = XIS ws dato
Jx == fsd B us v daln

e funcoon FGx)  Continons ok Al
Prstive numbers

SIN X

x(1 = x)

x # 0, 1, Classify each point of discontinuity as removable or nonremovable,

B EXAMPLE®| Determine all points of discontinuity of f(x) =

_E'ﬂ#:-.-}‘:ll b (pnS e (e I o7 T A=
— o
Z2l|-x) =o xXro l-xzs X =\

> W Xzo  asl2 ¥y F Al toZe allM)

_ﬁr'm S x = fE = e ..Am (52
i X ()2 e (£ NOF @r.
n&y fE-m.il'wbe- ﬂ.‘;gmrm@

Lo Sk _ 8 gusigss
£ =20 -:EC.""}U -

- 5 f
K - = 1 Yasose
X/S/_ ":?_,ﬁ [ cermavolble Contin-



hew = Pgex) = Fo9Cx)

o=, O eSSl N3N alaor £ sosanz G TS N

.m_l' Show that h(x) = |x* — 3x + 6| is continuous at each real

number.
L
pr) = i) Lo 22 s el
hir) = P[ﬁfﬂ) DL T S (s
!
B EXAMPLES| Show that 13 CenvrowS CXeefk ae 3, -2

2t =3k 4+

h{x) = sin
-=2=05

39.1: xq-—3x+f ﬁm: Sin K
32X ~& \‘W

ACx) = 596 “’a%:ba

.9(7".3 GJLEV"' -._:?E.::-—:-""'Z.'f”\ Jorm> Sinx
f‘:--‘-‘;t;ﬂ,‘rv" :,:-u DY s oV 96

Xi-xX - £ =5 fo3zo F=3

C’f- 3)(5*3):-‘4 C:. »® 42 apn X==2

o 1,#5-'-’]"-;;‘5'5 =S A sl g SN



. EXAMPLES! Using the definition above, describe the continuity properties
of the function whose graph is sketched in Figure 7.

& s i

(-0, 0) e AR
(o0, 2)

):3;‘53
=y

.M?J What is the largest interval over which the function defined by

glx) = V4 = x%is continuous?

PR Ld) A A U R D

H-z=2* 2o
. & B ¥z =)
st o35 [-2, +2]
—— o

— > i

e, Jah) wa)
VI s G Z opd
AP eyl D GDBIND SNy e asmee elor -2
| .r"—._-—"’r-.} ladl ot puSA' o',
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}L"‘fzﬁ J t’!"'fl = E‘f-—-‘-{ —
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Problem Set 1.6

In Problems 1-15, state whether the indicated function is continu-
ous at 3. If it is not continuous, tell why.

L f(x)=(x-3)(x-4) 2 gx)=x*-9
O f»= (33)(3-w=o0

@ ﬂ-'m (x=2) (A1) = 0

*—>3
@ Lom Loy = .(9{'3) Contrnous
K=
x> -9
9. hix) = -

EET-'
EFexy s noe+ Continouse ar xas
becmse PC» & wokr xSk



1L r(r) = =
;T ifr =3 (A>-8°)
‘ =(a-2)(A% ARB+RY
(5 ?(Eﬂ =
3 3
@ _Q.'m £>- 3 o
=23 L~ =

3

v o |
v ~

124 —= 23
s 0570 s
® fC0» =0 w
@ .QJ'M* 3"6- — O
£ =23
Lown b3 o4
F=3" ,MJ.S":'
Cc:-"f"’“
A>3
o =



In FProblems 24-35, at what points, if any, are the functions

discontinuous?”

'. l' \
27. r(#) = tan @ ,
} 2 ¥
| | I
2 '.
- 1 3 U
3. G(x) = ,
V44— x

Y- 2" 2= u> 2 * 2 Z|x|
J Y-¥?*- o '-{"—7{::*-"5 L{=ﬁ
£ 2 It X =X2

7820 0S har sap (-2, %2)




