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Inequalities and
Absolute Values

CYuakion AAx| =G X = Y xX=2
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. EXAMPLE 4. Solve the inequality 2x — 7 < 4x — 2 and show the graph of
its solution set.

2l L MK T

27&-“7( < -2+72 1-%==0“

(- 2.6/00)

-

B EXAMPLE 2 ) Solve —5 = 2x + 6 < 4,

=S S ax g U
—S. .l gy & U7

-\ < 2x < =2 2 Yol
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~-55 & K < -l
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B EXAMPLE3) Solve the quadratic inequality x* = x < 6.

Cviw ) U (-»,-X) g

@, 2l X - & %d Xl x_.6 =¢o
¥ X -3 )= ~2 )=
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A \:-'9\# x=-3
PR e
/'0‘ \(C"\' s -
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B EXAMPLE 4) Solve 3x* — x — 2 > 0.
(3 +2 Y®r <1 ) >0 wrhe 2 V
G\eS. cund
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Bl EXAMPLE 5| Solve =)

X+ 2

0P g\ KON EE e S

zolee  oft—---_lex sx<s
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X+ 2 =% o e S X v x 9q
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lasr bl < lal4 (b

la-Wl = {lal-Ib]]
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- = \-ul _
\_q?\ 3\Llo\” ?\Z\
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B EXAMPLE 8/ Solve the inequality |x — 4| < 2 and show the solution set on
the real line. Interpret the absolute value as a distance.

AU €2 m 2 < KU < 2

=24y < XK < 2+x\Yy

2 <X<¢E (216')

\
g. <

B EXAMPIE 9] Solve the inequality [3x — 5| = 1 and show its solution set on

the real line.
|3x—5) = |
3%X-5 -1 o 3x-5 2|
3X S-\xS 3x> €
3Xs Yy X > _63.
X & 3?: ' X =2
= g . :“j@ = : o0
o ' | 3



B EXAMPIE 13

Solvex* — 2x — 4 = ().

O qoc/ A ,{’JJ\ f";\-,.l:*-” _:'-;_;J' .
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Problem Set 0.2

1. Show each of the following intervals on the real line,

(@ [-11] —F—F— ) (-41] 6———“‘)
© (-41) ep—i— D 14 g3
() (-0, _ ™

>
(e) [~1,00)
@_{I ;990. ) <.lﬂ—_

In each of Problems 3-26, express the solution set of the given
inequality in interval notation and sketch its graph.

3. x-7<2x-5 4. 3x - 5< 4x -6

-F+5 < 2X =X

—2 <
X >—2 ( 2 o
-2
C-2,00)
1. X2 +2x-12<0 12. x2-5x—-6>0

X = —b ¥ Jhb':.-ua.c. - =2 d‘Jq-Hx\x(-l?-) = -z.&.’_ﬁl
2a 2

20\
= =1 + Js2 = =\ — i
x :J; x Ji;ﬂ Nz




o e | e R R . W i S
-l \ - 3
~l - J -\ +J13
(= -dis ., "lxdiz )
13. 2x* +5x—-3>0 14. 4x° - 5x—-6<0
+ 3y — 2
i =N o 7 i TP
X — 3 X — 3
2 7
17. — <5 18. — =7
X 4x
W3) 2xt+rsSx-3>0
(2x =+ ) (X3 ) >0
——
) \ e I T, :&-_f
. \
2A ==& X>+3=¢g i3 Y,
2h =\ X==3
X:—,Il- (—-09! ""'3) L/ (_ZL ;00)

\7) Zz <5

2<5X SX > 2

x-:‘“:b';-‘

2.
R=>&F

X2 >0
5

C%/i / 09.)

VA4



2L (x+2)(x—-1)(x—-3)>0

22, (2x+3)(3x—-1)(x—-2) <

23. (2x - 3)(x—1)(x—3) =

24, 2x - 3)(x—1)}(x—-3)>0

25, x’ - 5x* —-6x <0 2. x>’—-x*—-x+1>0

2Y) {(#ad )R-V -2 >0

( \ \‘)(—3-0
X+2z-o0 k=l= )
r=—1 K= r=3
--}-&- s ~ |~ ¥
-____-.‘---j*-\- = T -+ “+
(—Z/IJU(B/W) - = ] = L_—'l-"\'
K3
it B e e e sl Bl K sl sl ==
. : 3

25) x3_Sx2_gx <o |

—--[_l—\--\- nT
< (X*-54 -6 <o ¢
== = NN A+
x (Ax))(x-g)Lo ‘;l
v L\ S C T
Xzo K= =1 X=¢ -\ ®
el e adl Rt il B

(-0, -1) U (0 ,6) = 5§ 3



In Problems 35-44, find the solution sets of the given inequalities

35. Ix—-2| =5 3. |[x +2| <1
37. l[4x + 5| = 10 38. 2x—-1| >2
2
39. %—5 > 7 40. §+1<1
2L .5 K -7 2L G o T
= 7
22X < =2 2x = 12
ER =)
KSE =2x+ R = U2
—=
p A AP R —
uz
<
-1
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0.3 ¢
2 Jecie- @ (2,3
The Rectangular :
Coordinate System ——
( Distance ) (ool & it
sz.az) -
/\Q d(ﬂ Q) :JQ(,_-J!JZ-\- (32--31)1
(x'l:’l) i
iz-{\
C= .J q7-+\ol
8 EXAMPLE 1/ Find lh;(;rl—:r:c?hcmccn
(a) P(—2.3)and Q(4, —1) (b) P(V2,V3)and Q(m, 7)
X, 9, X2 92 Xy -~ Xz Y2

o d= [l [Feek =i
b) ol-_—-.f(-ﬁ)"..-(rr_.fi)" = 2.23

7[? €‘lc¢a4--'o‘y\ @S c;rde_ FRIAWSAISNPYS

(x=0)®%+ (9-k)z= Y=

(=2 V--2) = 1§ ACa
h.—: 2 K==2 r:.ﬂ?: Y



=5
B EXAMPLE 2| Find the standard equation of a circle of radius 5 and cen-
ter (J. =3). Also find the y-coordinates of the two points on this circle with
x-cgbOrdifate 2.

TR O PV o aS )

C\/ -3) =5

(X-n)" &+ (y-e) = 2

(2=3) % 08 & &) - 35

- : > ” - 2 .
o et L K22 ow? LO,m

(2-1) >4 (Y s)* =2




B EXAMPLE 3 )" Show that the equation
z 2 _ %
x> - 2x + yl + 6y = —6 6"""“) '1‘('3"“) =Y

represents a circle, and find its center and radius.

(x =) ¢ Y x3)° =y

=1 k =-3 X= 2

.Q‘&;’L) L it
eluatiom of tle lwe
X

J=mxX+b

xid) ¥ %
‘ Sope B el
ye

m_: 82-31 S o2 =d:-ﬁ|
N m= )

Lt Y=2x+




Xv 5 X2 9z
(3:2) (&.a)

Jd- Y, = 2.5 ( x~x,)

Y -2 =25(x-3)

B EXAMPLES Find an equation of the line through (—4.2) and (6.=1).
EPPA alolocls | -
‘x\ vl fz $ 2

(=4,2) (s, -1)

d—-J/ = Mm(X=-%)

M- Jz-9) = =t-2 =
Ko =X, Pl

g..z_._._%('X—,—q)

Yo A D uspkl 5d) P MmO s

Y= Wbl gl J .0
M= 3% a ¢ M= 3
D-j (ox-—%, g =5 X m=

7..- z
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. EXAMPLE 6/ Find the equation of the line through ( ﬁ 8) that "lE arallel fo
the line with equation 3x — S5y = 11. il Y
(m) Lbp U Llus
SX-SY= 1
o s 33X 1) ) = -g
.S ——S
6 2) et 3L s 3 =mz
= -

J-—-&: = m()('-xl)

Y-8 = Z(x=6)



8 EXAMPLE 7| Find the cquatmn of the line through the point of intersection

of the lines with equations 3x + 4y = 8and 6x — 10y = 7 that lsipt.rpr.nalcul Iriln

the first of these two lines (F murc 16).
ZxAw= &

J-Y =m (X-x)

gx—-10y=7F

bl -ﬂ-'JuL.J’c.u.zé N EY VRV Y

(3x+u3:3 ) %2
_7( 0y = ¥ )
€X - 8Y — 6

-[Xy =-9

= =9, 1L
I =55 =3




Problem Set 0.3 i .
(K- + (@-) =r?
In Problems 11-16, find the equation of the circle satisfying the
given ('(mdi!imrx.h u
s 2 _
11. Center (L 1),radius1 (% -)*+ (y-)" =1
12. Center (-2, 3), radius 4

W e
13. Center (2, —1), goes through (5. 3)

¢ 3) N 2
Q;' d:j(ﬂz-—xoz-\-('dz—'dl)

o =J(s2)%+ (2 12

X =Ol=j°l+|6' -::./?'5.-.— 5

(X—Z)L_\. Cy-[-l)z:: 25

In Problems 17-22, find the center and radius of the circle with the
given equation.

17. x> +2x + 10+ y* -6y — 10 =0

-~
Cx#2x+|‘+ Y269y+q9 = lo—1O +1+9
" = S—

(e +1) 4+ (y-3) =10
Certre C—\;B) Y:m



In Problems 23-28, find the slope of the line containing the given
two points.

23. (1,1)and (2,2 24. (3,5)and (4,7)
28. (2,3)and (-5, —6) 26. (2, —4) and (0, —6)
27. (3,0) and (0. 5) 28. (—6,0) and (0, 6)

3)'.) yol = v?. -9 = E_—_—_‘ -
z-'

K2y, :
25) Mm= —€6€-3 =q
-5 -2 +

In Problems 29-34, find an equation for each line. Then write your
answer in the form Ax + By + C = (.

29. Through (2.2) with slope —1

Y-Yr = wn (L =X.)
\J_?-:: -\( K =-2)

J= VL = —=XKx2 -
L

hg —XxY YaX -—U-a

33. Through (2.3) and (4. 8)
34. Through (4,1) and (8, 2)

In Problems 35-38, find the slope and y-intercept of each line.
38. 3y =-2x + 1 36. -4y =5x— 6

3—\9\ :V"‘(K -"l\J
-5
== =2 H-gz%(:(-Z)



2Y -6 =6K-1\0

23-—6;( +U =0

|~
P - a , = x(: )
In Problems 35-38, find the slope and y-intercept of each line. Y AL ”
o g e
385. 3y=-2x + 1 36. 4y =5x— 6 Yy

= -2 2 = }_
J —= -\-@ J inrevcef= =

:/ Pt L...QJ,—'—J 15 (_.:L_.P&j;o;!

. % By
39. Write an equation for the line through (3, —3) that s

(a) [parallellto the line y = 2x + 5:
(b) perpendicular to the line y :@' + 5
(c) parallel to the line 2x + 3y = 6:

(d) perpendicular to the line 2x + 3y = 6;
3-—,% = m (X-¥X)

Y+3 = mx -3

N—_——-""’_\-— \___/—\..___,...—-'—\__/

a) m:...-.:-m;-:.':o"
Y+3=2Cx-=3)

O
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Functions and Their
Graphs
O’T ‘
g = 31< x1D
i ¥ L
0":0’\ wg& 0;—‘@ ;/Jl
DDJ&? v X =1 Y =3410=13
X=2 Jd=6E+1to=I6

X=1l0 J =30+10 =¢s

\
2.
lo

. EXAMPLE 1| For f(x) = x> — 2x, find and simplify

(a) f(4) (b) f(4 + h)
(c) f(4+ h)— f(4) (d) [f(4 + h)— f(4)]/h 2
(@+b)
.—.-a’.l-za.wbz
Q) Fly) - Y= 2(uy — 16-8= 8
b) £(uth) = (u+h)® — 2(4+h)
—6+3hih* =8 -2
= fn- +§ A + 8

&) Plusl) - Plaj = bEflt@ . Ll st

d) f’(“’r‘*)'P(W = h*+€l :/K(A—-,-é'):k.\.g
3 I~ e~




It 7 sa) (St A8 es

22 033»5 LA CR AN D)
¥ Pz *xFyxPozx x)
SueBds P (- ~00) 2R a8V Qlasy

NEBRS P O gl B SN ) D
¢LLl e lie\e alled]

f(x)-:. - X4+ S=0 ¥ =-S5
X xS
R-§-55 5 e ER 0SS0 Jias

OBV npb ) s, A VA g O

O\\< /;_S'lu:o‘:\fo &_-P a0 4 fﬁgj
f[;e).-: J X-2 x-2 =0 X= 2 L2.00)

= /»
PATR L Z VPP U SH Y E %V B R 1)
4l Ue—X3 M Lo NS

oy = £2>0 rrz G
Jr~2



.;J‘.’)‘ \SM"‘S‘,,I
M EXAMPLE 2| Find the natural domains for

(a) f(x) =1/(x = 3) (b) g(t) = V9 —¢
c) h(w) = 1/V9 — w’

Q) Py = xX-3=0 X =3
X -3

£X2 X £35
bW G- (g 62 q_t* > o
qQ =t 2z |t
lt] £3 e —2< £ <3
L-33]
O Ihw - !
gt
q-w* >o d >
2 =lw/ W< 2

— 3L\ 3 (-3,3)



/-\ U P AN

M =2t J=xx2 J=x)
|/ Al
| nd
Y= (rx2) Y= (x-2) -\
l

\4_// _ \ s /

=& | -|\.L\./

87-—;(— \_ ”JJ Qis
J= -—7-‘:'1'2 JL_ ‘j:?!r_z K'—



B EXAMPLE@| Sketch the graphs of
@ f(x) = x* -2 (

AN
~

uen odd Punctizm e3PV 5 w0521 Al

x& xt
/\/ 25 on.>

44)/ 9‘“‘/‘( --n_,- N i

t.\"uSlf X 2 (=-x) \-9)5 N w¢;‘f o)\
P(;:)__ ﬁ(-x) r—yu«.w 3) N"VFJ/

\'J\A,s;u-:';’ N;): -X  H, X wis \o\ o= 9)}4‘\ o)) JI
Pe) = -FPl-> 2,20V Sdas Lsy

-

J.’/—slb_]::s O\ 2> u'
euev &= ol 2Ll N ey X 0SS TS

sy —3 0SS TS N

O Poy= x4 ¥oux

2 5 S ?s_}'....—-z{“ﬁs
cyen ool



~. x° + 3.
B EXAMPLES| Is f(x) = —— —— even, odd, or neither?
A T BN i
NV ) T3P
Pl 32 . L,
X1 —3x3u
P : 5
("‘X) = ("’x) =t 34"'7-.‘ = =X — 32X

C-%x)"4 3(=x)°+u x* +32x%xYy

= - 7-’-3—\- 3K ]
X1y 3% %0

P(—-)() iy = (—D(Y) Odd optDtnO!-'Dn

C:\_4>:f oM )



Problem Set 0.5

9. For f(x) =2x’—1, find and simplify [f(a + h) —
f(a)l/h. ﬁ(a*a) - .P(.a]

A

Plos) = 2( a+h)®0 = 2(a* 20k 3&) ~1
=2a24%ah + LW -

Pla) = 2a2._)

f(a-a—l«)_. EM{ _ 2% 4y ualk +L"/_ 205X

I~ I~
= 4ah ant —K(Ya + &) _uan,
(. <
13. Find the natural domain for each of the following.
(a) F(z) = V2z+3 (b) g(v) =1/(4v — 1)
(c) ¢¥(x)=Vx*-9 (d) H(y) = -V625 - y*
o) f(z):szc} 2z+3 =06 ZZ'}_
2
E"—%— ’ oo) = E_s—_ —
=
b) 3CU)‘: - - Hy-1z-o0 V=
v v-i --‘1-
JV:iv4 L] VL o veR
ey Wkr-[x*-1 Xta_>s

x*= 9 \X)= 3



—t

(-0¢,-31U [2.00)

d) Hey)= Jes -9 625-Y' =0
62529 g <fers  1wi¢s
E"5/5:I

[y cr:-524ss ¢

In Problems 15-30, specify whether the given function is even,
odd, or neither, and then sketch its graph.

5. f(x) = —4 16. f(x) = 3x
. F(x)=2x+1 18. F(x) =3x - V2
19. g(x) =3x*+ 2x — 1 20. g(u) = %
X - L
21. g(x) = 22. $(z) ==
" =1 Z 1
&) Pz~ euen

~b Netither €vom wors odd
\?) )P(’()'-‘Z\(-\'l

P("i‘) ==2X x| /é),"z; s> ap 2%

. |
. i
Y # ;,/

— —




2()

Alx) = x

——————

x*~)

8(-’)() = =X — X
(-xF -1 x|
Eloci — b2
0 dd
I I -l/a. - 3 | -3
gélo | » |~ Z [-F] 3, |-%%

(
(
i




0.6
Operations
on Functions

Sums, Differences, Products, OQuotients, and Powers Consider func-

Tions fand g with formulas ST 6 NS NV sy
X = 3 — ::' ) .‘ [ =
f(x) ="5=  g(x) = Vx Ao J IS 2w

_U,?—!\_!_Z"L)ii_)_ _7_‘
(B+9)(e) = 2-3 L J< Co. 00)

-_w G.) L *—> + &
X220 e——-FALL)
)
Formula Domain
(f+ Q(x) = f(x) + g(x) = —=— +Va [0, )
x-3 -
(f - g)(x) = f(x) — glx) == > VX [0. 00)
x—-3 ~

(f-g)(x) = f(x)-g(x) = = ——N/x [0, 00)
' P f(x) 3 =3
(;)“’ - g(x)  2vVx (%)

Pt e &

JE- (x> = 12:3 = %-3 [s,c0) v a\J| U@

J S 2% a> o a alle

VoI TS AN [PV AN TE

z 2 - .
=6 r(g_f,],ﬂmp\c;vouhq__.s

: Jx
£ =5
20 AW To,o) o eyt

(0/00



B EXAMPLE 1| Let F(x) = Vx + 1 and G(x) = V9 — x?, with respective
natural domains [—1. o] and [-3,3]. Find formulas for F + G, F - G,
F -G, F/G, and F° and give their natural domains.

(ﬁ'l'G?(?f) = “\}L;{_H *J—&-K" . _{/ >

F—

doman =3, 2] gl o
- Con= Uxwi _Jaz L)
(53 s 6) (x) = tL{LX ) A F—ux? L8]

£ (hy =Nxw L-1,3)
9 [a—xz

Gt = O g’ca.S) Aal ) S S
f—-x* =0

qQ = AL

J? = IS

33 =X

5
F‘g(:g - U‘"*‘) e Cx-»f\)g/a
cloora i E—‘/Gﬁ)



@mpo S,ul'om 05: ﬁunéb 2r7
8% J(Fea) 9 wors P o
6 = :P(9b‘?) 8 OO'> L WGP

Flry= x-3 gcxr = JX

<

Jo o> = | =2
Pa&(x) = J% =%

2

W EXAMPIE 2/ Letj( ) = 6x/(x* — 9) and g(x) = V3x, with their natural
domains. First, find ( g)(12): then find (f ¢ g)(x) and give its domain.

SOLUTION

OO . |
(f ° £)(12) = f(g(12)) = (V36 = 6{_“*92%

\/?
(F * &)(x) = flg(x) = f(V3x) = (vﬁn)‘—g

Py = 6% 3 = J 3«

x%-q




£ Poglx) = _6J3k _ 6l
(Jox) =9 3x—2

qﬁ}-’ld\,l) Wl w2 S s\ Y (Jle gheb
P VMM Z D S Gus Py s

— S—

aX >0 X =o % g
ETY » ¢3¢
3% -9 AX—-4z-=0 X=3
Co.3)VU(3.0) Jeasy

!BXAMPLE 3| Write the function p(x) = (x + 2)° as a composite function

gof.

P(x>= Cx+2)

: >
F5.9 (x) = Fr2)

Figure 7 Figure 8

-_EXAMPLEJJ Sketch the graph of g(x) = Vx &3 + 1 by first graphing

f(x) = Vx and then making appropriate translations.
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X ?(ac]
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o a \
JT EEX [ -3
| /- ‘
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Problem Set 0.6

. For f(x) =x+ 3 and g(x) = x°, find each value (if
possible).

(a) (f + g)(2) (b) (/-2)(0) (c) (8//)3)
(d) (f < g)(1) (e) (g°f)(1) (f) (g f)(—8)
Q| (jp+9)(?-) = P> + 92,

- 5 404 =9

b) (f-j)(u = Fco)y - 9(o)

c) (%)(z) = 913) = 1 =3

Jp(’) = L7|
) 9o Py ey
I(uy = )¢



15. Sketch the graph of f(x) = Vx — 2 — 3 by first sketch-
ing g(x) = Vx and then translating. (See Example 4.)

?

11. Find fand gso that F = g ¢ f. (See Example 3.)

(a) F(x)=Vx+7 (b) F(x) = (x* + x)"
a) b)
ﬁ[)‘): X+ 7 P(g)_—; x5+ X
9(?‘) —d X- jcx) - ,le.

czejofx)



0.7
Irigonometric
Functions

/ Sint = & Cost=0
¢ o < C
t _r tan b -4

b b

CSCt = Sect=- A
-S:'nf: CoSt

Cot t = - Eant= smk
Lant CoS€

Srn b plagl =1
W
Sin (-£) = =Sia(® odd avnpy

Cos(-€) = cast euven 0.5/

Sime = Sin (Q-\-Z.Tl)

Cost = C_CJS(E—\-Z.TT_)



B EXAMPILE S| Show that tangent is an odd function.

SOLUTION
sin(—f)  —sint
tan(—t) = = = —tan{
' cos(—1) cos [

Cont = Siat
Cast

éan (-¢) = -S‘,‘n(-ti = —=Sint _ _toant
CosS-€) C>S€

OCILJ jr—’-qu-‘d‘ -

- EXAMPLEG6 Verify that the following are identities.

-

1 + tan’r = sec’ ¢ | + cot’r = csc’t

D jstap t = sec

I

L ® 1
s x l+ Sin e
s

Cos b + Sint = \
s Cosit

4
Cos €& Cos’€

—
’

v) \x ot =~ csctE
L - Coszfc i
Sin e w el 2 L

2
Sntk & cose = A - c<sck

<™ 2L S ntG




sinfl = =
needed somewhere in this book.
mso--'}

We will not take space to verify all the follow-
ing identities. We simply assert their truth and suggest that most of them will be

both sides are defined at the chosen x and v.

Trigonometric Identities The following are true for all x and y, provided that

Odd-even identities

sin(—x) = —sin x

2

vt

Cofunction identities

sin('

) = cosx

cos(=x) = cos x n(%-x)ﬂsinx
tan(—x) = —tan x tan(% - x) = cot x
Pythagorean identities Addition identities

sinfx + cos’x = |

1 + tan’ x = sec’ x cos(x

sin(x + y) = sin x cos y + ¢os x sin y

+ ¥) = €OS X COS y — sin x sin ¥

g = tan x + tan y
1 + cot” x"= csc” x tan(x + y) = ——
. 1 —tanxtany
Double-angle identities Half-angle identities
. sin 2x = 2 sin x cos x sin(-'i)=:i: Lil-__L
2 2
. cos 2x = cos’ x — sin’ x m(§)= l+:°u

=2cos’x — 1

=1 - 2sin*x

Sum identities
+ —
sinxuinyazsin(“ ")cm(" ")
2 2
xX+y X =9
cos.t+msy=2ms( B )eos( 5 )

Product identities
sin x sin y = —3[cos(x + y) — cos(x — y)]
COS X COS y = %[cos(x + y) + cos(x — y)]

sin x cos y = 3fsin(x + y) + sin(x = y)]




Problem Set 0.7

9. Evaluate without using a calculator.

T 3w
(a) tan — (b) secw (c) sec—
6 4
™ ] v
‘d) c¢s¢c— (e) cot— f) tan (— —
( 2 | 4 ( . 4
qD < /2 &
3 .
s/
3ﬂ- %ﬂ 1"/0 T!t sin f cos f
g
0 0 1
5’? e 7/6 30 1/2 V32
m/4 N8 212 V2,2
\b° o w3 60 Vi b
« 360 /2 ! 0
21T 2m/3R6  \/3)2 ~1/2
3n/a 135 /22 -V2/2
57/6150 12 -\V3/2
v 0 1
\
a) gpom ™ _ SnE = o _
Cos Il _d:i- J_?_
S 2

CosTl =F
) sec 3T = \ — .
"'C| (‘asc'gﬂ)- 'E
d) cgc TV - - = 2 -
S:ﬂ(cg) {



e) Cet C T_E) - er»S I
Sinc._l_"{

o o7
()

19) fan [',g) = —éanjg; = =l
(05?_{

11. Verify that the following are identities (see Example 6).
I

sec” z

(b) (sect — 1)(sect + 1) = tan"1

(a) (1 +sinz)(1l —sinz)=

(c) secr — sinztant = Ccost
Contb) (a-0)

.|
sec“t — |

= SsIn“{

(d)

SCC [

- \
o " —SM2) —
) C\‘t‘Sl 2) (\=Sn ) cec 2
= | = 5fn 2 Cosix Snz =\
= CosTz =\-Stnz
- Cos & Sin"Z =(-cos' 2

- _\
Eee =
b) (Sece -1)(sece+l) = ke

= Sec’t - |
éqnz'b /

()



Q) Sect — sint tant = <Coss

5

—\_ - Sint Sdnt

Coskt CosE
L == S\‘ﬂlt
(ask CodkE

= 5in?E - Coel = roct
c ogt Cect

Q‘) S@é'L—‘ - Sfﬂzt

cecit
§a'nz&
t'“"‘ < . Cose n‘z-':
=t rd l

Sec?€ Cey(

Find the exact values in Problems 27-31. Hint: Half-angle identi-
\AANAA—~

ties may be helpful.

r g ms’z 28. sin° L
3 6

29, s Al 30. cos- Kl
6 12

2 () = &)

W - Q) e



CHAPTER 1 Limits

1.1

Introduction to Limits

K~ ) (xX~1)

TTTTT

v PP a2
A (2
Ftx)= 3x-\

Dim (3x-1) = 8
X=>3

dhagram



PDim By = L Fexr= A
ac de > At = LS U.?J,;.A‘.\( 2:.»\'.:\

O -t L€ VN ON a o at—ails
P>) = i
QA=) BAS  euiols

B EXAMPLET) Find lim(4x -5). = Y(3>-5 =7

B EXAMPLE 2, Find lim & "; P
o X -

3)'=3-6_ 0  pFwstpe¢

(st
ﬂ'm HE D B — ﬂ.’m (23)(x42)
232 = 5 -3 X—=3 (A -3>

Py &)

ﬂ"’”’ (x-2) = 1

-3



B EXAMPLE 5| (No limit at a jump) Find lim[x].

SOLUTION Recall that [x] denotes the greatest integer less than or equal to x
(see Section 0.5). The graph of y = [x] is shown in Figure 7. For all numbers x less
than 2 but near 2, [x] = 1, but for all numbers x greater than 2 but near 2, [x] = 2.
Is [x] near a single number L when x is near 2? No. No matter what number we
propose for L, there will be x s arbitrarily close to 2 on one side or the other, where
[ x] differs from L by at least 3. Our conclusion is that Ilm[ | does not exist. If you

check back, you will see lhdl we have not claimed lhdl every limit we can write
must exist. i

r},‘ SR P('#) - [xJ:EZ_]:'z
ol T (241 ==
r24l =

.ﬂ:'m f(f) = "M-fbﬂ) — _,0.‘:»*\ ﬁ(_r) — nokb

% =" * =22 x=>2 ex3

o | Dels wand Jome
vafm PC") = Yy ;"/J

;(-91-

- % 2t 9 lA o o /,'n-n{
ln‘M_ ﬁb‘.\%.oﬂ" f(,)._ _a ﬂ.'m F(x] =5
%-52

x—=2" not exisk  x—2"

oaP g2 pE & L) AL\ c“:,.,.|‘ JU (g2 o @ N
0592 38 LI Gl e\ ST Lt



Problem Set 1.1

In Problems 1-6, find the indicated limit.

‘ r — -
L lim(x — §) 2. lim (1 - 2) J ‘-‘q‘::; (x-5) = 3.sz-2
3 I_i_m?(.t"' +2x—1) 4. _I_imﬁ(.t" + 2t —1)
5. lim (© — 1) 6. lim (7 — x%) 3) j""" s (#2y42<-1)
[ i | = ’.’-

=2 % 2(-2) =) = -\

In Problems 7-18, find the indicated limit. In most cases, it will be
wise to do some algebra first (see Example 2).

-
2= 2 4 4¢ - 21 1) jl'M x4 = &
7. |irn"l 8. lim% A=2 L.o 0
=2 X — 2 —=7 =

o t]l.mh X - 4:."+ +~l x+6 10. ‘IIELM#_ ﬂ.m (ﬁ-l‘ZJ (; é 3
o s o X2 yd
0. lim 12, Jim = -
aSanati - ja'm Cx+1) = “

X—>pe

8) fim t22%6-2 - 49—28-21 _
Ea-t L —+ 13

PIm (2333 = fom (t-3= 10
£ -7 LT fedf

2
o

h up"m XLE: _ o

—— T —

X3t X+E o

ﬂ.m (,(/()(;t-t) - ﬂ."m X-t = -t-¢
X=>-t = y’g Fa=k = -2%




43. Find each of the following limits or state that it does not
exist.

Ix — 1 x—1
(b)) Iim lx
el X

(@) lim

/- [x-1] = oo\ o A _ )

=)




| 8
Limit Theorems

10 0= Main Limit Theorem

Let n be a positive integer, k be a constant, and f and g be functions that have
limits at ¢. Then
. imk=Fk Jn5~*
X—"C

= -2
dimx =¢ &=

. I|_n.1 kf(x) = k lim f(x); fm 5% = = cakas

.+ lim [f(x) + g( ¥)] = lim f(x) + lim g(x);

lim [£(x) — g(x)] = lim f(x) ~ lim g(x):

lim [£(x)- g(x)] = lim f(x) lim g(x); 5 g e

fo Mmi) Faper

. !—T"g(t) = lim 2(x)’ provided !l_n.‘: g(x) # 0 "

v !'—-mt [f(x ]n = [Ilm flx ] /gx_n(g_x-w) (x:u Z-m—u)
9. lim Vf(x) = Vll_rp_f x), provided lim f(x) > 0 when n is even.
B EXAMPLE 1| Find lim 2x*.

“ “
G liwa £ = 30323 = 162

X A3




B EXAMPLE 2| Find lim (3x* — 2x).

X—4

/,-m et . Use By

x.— U X =Y

3(W" - U = 1%-8=Uo

V x? +9

X

/p"_/” X*=49

B EXAMPILE 3| Find lim

Y-=4 4
- X //{_ﬁu +q)
m e
A=A F~= % )(
[ 16 +4 - 5
U Y
@ EXAMPLE 4/ If lim f(x) = 4and lim g(x) = 8. find
lim[ff(x)- Vg(x) |
2
j,;m ?(x) ﬂ,mﬁ)—
>3 g
A—- Yz 4R
s ) r

<> 3
LH)Q' @ '{/T

|16 . e = A3



x> = 10x* - 13x + 6
ERRRE) Find lim - 0x —1x+6

x—2 3x2—6x — 8

H 2"~ (0(2) 1202+ 6

e ()’ 6> 3
2>
/Ul
V2N2 =@ =3 -
Z-Q'Mp
L2533
be-tdc, S B} (A 43)= Ay 2AB4+§’
ALB(A+BI(A-)
SIS Find lim 5% T ! _ X F T
ol x* =241 1 (x—=1)
N Talaes — tadaS = 4
15 - 201) x| [ —2+|
;)—3”"’-{;’“ |
) . =0
MEXAMPLET| Find lim ———. = ' - % -
J(___; o, o o<
S

-

(> G f 2l 5 it Y

j/'ﬂ’) (_):_\)(J_}a\J
Al SFsd L fra )

j,'m M(,ﬁ:ﬂ) - 2
)(-9? ’(//]/




W EXAMPIES] Find lim S0

x—=2 x*+x—0

= q—l—é -0 = .O___
— o
GWgz=6

Lip o fowre) 3
i (/=2 ) @3) @

ﬂm S;/U( g 1§

A== 0O

EYueez e Aoorvoresm

B<s B
o B =

= =

. EXAMPLE 9| Assume that we have proved 1 — x’/6 = (sin x)/x = 1 for

’ . sinx
all x near but different from 0. What can we conclude about Iim ?

—0 X

j:'m S hX

\




Problem Set 1.3

In Problems 1-12, use Theorem A to find each of the limits.

Justify each step by appealing to a numbered statement, as in
Examples 1-4.

L. lim(2x + 1) 2, Iim1(3x3 - 1)

x—=|

/J'M 2K 4 p,-m ) = 2D 1=

A= 1 X =l
2 + 3
5 gt L i 2 T
=2 5 — 3x x=o=3 J — 2x*
[;'m 2xAal 9¢2) | L
I = 202)x g T
=98
oo &=
X222
9. lim (26 + 1562 10. lim V3w + 7w

=g W—r—L

3 (3 13 13
(,érm 2¢ +|$') - E(-zf +\s]=Elé+ls-3

% -
2
[-—t—]| = el



In Problems 13-24, find the indicated limit or state that it does not
exist. In many cases, you will want to do some algebra before
trying to evaluate the limit.

. xt -4 . x2=5x+6 5
13. lim 14. lim R
x—2 x* 4+ 4 x==2 x— 2 (@) [
: x*-2x—-3 . x* + x
15. Iim 16. Im —
r——| x + 1 x—=-1 x* + 1

. X+ x-2 o
19. Iim = 20. Iim -
=] x*—] x=>=3 x* = d4x - 2]




In _Problems 25-30, find the limits und
!I_n.':‘ g(x) =~ Tysee Example 4).

2f(x) — 3g(x)

25. lim V f3(x) + g*(x) 26. lim

X=*a . X—a f(l‘) + g(x)

27. lim Vg(x) [f(x) + 3] 28 lim [f(x) - 3]*

o[ Lrm 80 e j"’” P+ fim 5:(
AX>A X ra_ oy

4

| OE3+3-1 —— e



1.4

Limits Involving " s
Irigonometric Functions ¢w.
Y . g
'(T_ v}-’,--"-‘\f";"-‘
)’)\’f’d‘ a&':lea o7\
") 9 Vi i -ﬂm Sin 1 - 2

‘-.\.9‘“ ‘w€ %2 }‘ "dl;J J.l___2_|u5.

V)\. ri:P Snll =1 "/‘,“ nP s P
g, - Paws F plS?
Qe 3L <\

o, 2 2\4'

':‘T;'? 2‘0&\ ov.)‘_ o B ‘_u\_v;,)\

'’m Sné - j f-DJaM Sra3t — 3

4o """5"" £ > E
j.'m .Saﬂb = o
£ ro 3¢
ﬂ,.m )""C@Séz o ﬂ,m S)'ﬂ 36 o _?__
£ 20 t s i A
»*'mM bﬂlnE' = b
\_'0 Zl—ao ¢




:‘3 cost

B EXAMPLE 1| Find lim

(=0 t + 1
L]
=0 csle) - © -0
o \
6 x\
B EXAMPLE 2| Find each limit.
sin 3x 1 — cost : sin 4x

a) h b) h - lim
(i) .!HPU X (1) fu']'i" SIn f (C) .tl'*'U tan x

a) ﬂ.'m &3 = Nm 3 8vya 3%

%= O K X0 ER S

3 Jamw Sin3A — 3.1 =3

X >0 3K
R L L e >
Ay ¢S
'/
g |- Cos €
c-o_g' = —im— . e .-Q-. =)
ﬂl N ‘S.'.AS \
>0 <







Problem Set 1.4

In Problems 1-14, evaluate each limit.

. COSX _ CesO _ | _
L I — ot
-0 x + |

COS’t  _ ceslo - A =4

3. Iim . - : NS
(=0 1 + sint LG
q Scax &
_ SIn X o —_ N =
5. lim - %_;‘; X =
r—{) 2(
e 3 Sn3é = 3.\ =3
. oS3 _ o 3B T
7. lim = A tand
#—0 tan @ o
col(‘n'fi’)sinﬁ’(D L
9, lim s— i
f— ) 2sech
~ tan® 3t
11. Iim
—0 2t
;1 sin 3¢t + 4¢
. Iim
(=0 rsect Jim 20 csE
650 2- 1t
\o\ _:zt"—
277

W Jim S 36 = am sd3e, L
L>6 2t Cos®3t 2t Cas3¢




O .ﬂ ™ S‘ﬂ%é"\"\tt = im S'n3E _l_’%

t-o0o £ sect Lo  LSece /[ sect

} ‘) ?S\'n ~ (K€ + QC@S";‘)

< sO
. tan 50 tonse
8. lim ——— Im_—o— =2
#—0 sin 20 Crnll >
74
Wt 20 fim &in@ » Sne — ). |=|

H—=1) [1a —;- -—é;—



B
Limits at Infinity; 27
Infinite Limits

%
ﬂz'm X = & >
H# ~Dab "
.Q)'v"" ' = =0
¥ - —o®
K—= o0 ——
‘_p\'l'.ao
‘&-__J_.. = "-'-:’(-V\“ 5 ((:L’n-' Q$) b asr>
o
Qo =
I

A (\:5‘ ~/ > W) b cos>

12 L)
\ S Q> }2._»3\ 0> Got_ 3\

A Jrleo = o, moli PGty cerd

(Lﬂg‘w
/N .2--\'27“ = &
A =P %% x| j,’m @)(s"l"" = 2
34|
;m X -5
A oOw XS+ 2K




B EXAMPLE 1] Show that if k is a positive ipteger, then

\
\ =
AT "L
) l *
and Iim s - 0
x—>=00 x

2x° )
B EXAMPLE 3| Find lim —— g
l"“‘*l"‘l 2 \f\(
A
V%
1'm "7} _j,m 2
R s =5t
x3 k3 a
5
- -2 -2
—t |



B EXAMPLES] Find lim ——
_ 3 Puzey ("_ . l)— x—l (,\' -

R R S
) = o < 27
x=21 (x-D° ° -7
_ + O
‘——-)- !——) A |

‘ ﬂ:'ﬂ” 2 _::- - ol

: =T 1) Fosie

X 106]

=
3 ﬂ,m ‘ s \ o0

K—>2
B EXAMPIES) Find lim ———— "y o, «
) 0220 8255 WL
— P

o

./Ol'ﬂu *+ | = = S0
: e —
X232 (X-3)(x-2) °

m,,

A O




ASym Pte e U et L

ho ¢’ 2ondkal
1

— a5
/i

Lim Brx) Oveor soay LALI L s
% —> P

(V:_S\ U,\:_)_L:

-

\{ eviicad tr 3] ._‘.;L;di -

|

H#

<

.-——-%"

\
( Cc) el o) A g s, G ks
WY 0BG ZaS s
ﬂ""’., €y = oo LCrm Pox)=co
*—C X=ocC

B EXAMPLE 7} Find the vertical and horizontal asymptotes of the graph of
y = f(x)if

N I—-‘- f(x) o
{
|
- X =\ x-V=0 &L“_.a,.ﬁ-“
= 2%~ Pom 2K =
ﬂ'm ;—;’ + x-!
X" - Rl



o ) volad Yo

2 X
v2m. 2 X — L “x_
v X
= m __Z
7= v A
X
2
' \7/7_43(0
(
|
' f_-&
4 0 _ »




1.6
Continuity
of Functions

l : v) doe : wi-\t‘- Iim_f'(.uem:;;.hu[ ) u,ujf:c-:
g o s
S4Y 2 l” 5)’p d":—'
v Peeo 4 _0 "
A-DC
du-o.l:-ﬁ
wosi it ) ¥ Yoo Pl
32227 (L) C lhospr ittt O

e\ \ ,PCC.):: -

b’; o:m ",9
2 caled X=>¢C

0,‘

. 6o 90 otV (2
g X4 v ﬂlﬂ') PC"J = -

vg/m P = Py &

e X4



B EXAMPEE ) Let f(x) ==

l‘_‘)

x # 2. How shnuldl be defined at X =2 2

in order to make it continuous there?

WY 2 oA 8S
20 P Plo o n 0 s d

2-4;0-‘ E\lﬂ:-ﬁ ..;l.ﬁl\

Dim 24 _ fim c<+v¢z) =g O

o—p &

e p(ZJ-: .ﬂ/m f tx)
,"“\ S PV R | SEk

,\,_95\.2,'2_ GSolal, so.b) —'0S L& ©)
Frxoz 2o X og
o ¥ ol * il w221l od Qs @
X =0 L/ (e Mod apoos
)\..s‘lll_; W aleloo  \X\ AL s epatt A% (P

‘?’ J‘o‘é 'P-k‘_j o= VP N 24 > 5>



-FX AMPIE 2| At what numbers is F(x) = (3|x] = ¥*)/(Vx + \_1)

continuous?
—"

Fooo= 318 %2 el

[N amd X*  Yx = XIS WS Ut
Jx = o2 ot BUYY INCIRV ISV EBVS

‘Ttu? chmon FC)') Coniinous ok Al
P2si}ive nUhmbers

SN X

x(1 = x)’

x # 0, 1. Classify each point of discontinuity as removable or nonremovable.

. EXAMPLE 3! Determine all points of discontinuity of f(x) =

{Cp.'.o.'nll b (onS  Jeed (G sl 1o G
- —
_ZC[-X.) =0 xXoo l-Xx =¢ X =1

X = | Xzo s DY\ Z Al doZe a\M)

_/2""’" __SV’ X = & = He bim i+
A4 X ([-2) i (S NOF @Yk
nen vemarafble | .ccanicnouty)

j VY -S:'V‘K — o (_j»-(.::-'r”\ls&
L O x(;-x) -

- 3 {
A - - | ).J...-‘-'-"MC\:.W ’
/ Z/r— :g;o I-X vemavollble Contin-




hew = Yge) = Fo9Cx)

\(‘-":""'\!4-6 enaS gl N3N\ ol £ st 9 UK NS

.EXAMPLE‘I' Show that h(x) = |x* — 3x + 6/ is continuous at each real
number.

544) = X% 2%x ¥ Sl eZ W s
Pre) = [X) SNloh 2 s bats

her) = P9 BUNE SRV 19T P

B EXAMPLE S| Showthat 15 CentinoMS CXeefl a4k 3 R

xt—-3x+1

h(x) = sin . p—
g@r= x9-3x+1 Py = Sk
_ry ?_x - i \‘

A
ACx) = fsﬂfx) “‘Cb%:)oa

O ) 2ok VN s Sing
Q’L‘;.S‘,L..ﬂ)/v“ :_,:MJ (IR - P\ A 26

2 - &
Lé-X - £ = f-3=0 F=3

C)(- B)Cﬁ."\'z):zs ‘C) K x2zy X="2

-2 ,3 ]A;br\;,‘é\t.f?,‘v_cw_‘;,ﬁ o\ >



B EXAMPLE 6/ Using the definition above, describe the continuity properties
of the function whose graph is sketched in Figure 7.

(==

é(e:i d\— po

(=00, 0)
CO/ 3)

L3,5]
=yr)

B EXAMPLE 7] What is the largest interval over which the function defined by

g(x) = V4 — x%is continuous?

7R RE S B VO P S LN L Y

H-z2 20
Ym M ¥2 =)
3Ll oo -2, x2]
-—2 G :"':z
9(}4) :-'J o ™ —
5 S 0L M B w.sD)

APt el P DBIND Sy feaspes oo 2
;L.._--‘,(\/ ndl ot paSH o2,






Problem Set 1.6

In Problems 1-15, state whether the indicated function is continu-
ous at 3. If it is not continuous, tell why.

el

9

L f(x)=(x—=3)(x—4) 2 glx)=x"-9
O P- (23303 -wy=o
@ ﬂ.‘m (=) (A1) = 6
*—=>3
@ ﬂ.'m -[20&) = 49(3) Coentirnoud
£~ 5
amn=f::

@ P(B) - 3°-9g = 9
3=-2

f(:l-) IS wnot CeNFinouSe akt %x=3
becwmse P & wor E€xSk




{:x‘
Ay T=n e
: 3 n%
27 ift =3 (A-8°)
=C(Aa-B)(A% AR-tQZ)

©) 9(3) = 29
@ ,On'm _é_a"’ 32 - S
£=>3 &3 -

Diwn (73042 £3k4a) = 94 a4a = 2.F

A3 yf

: ‘ ] o2
® Bray — { P Ly co*"‘“‘@
21 = 27
13. f(1) = {2__: :;i { j
® f(» =0 “al
@ ,Q:'M+ Beb. = 2
t 23
jzﬂo £E-2 - p» |
3 .-vd\}st
o™
O ﬂ ‘M fQ’J [‘cy
A3

5 =



In Problems 24-35, at what points, if any, are the functions
discontinuous?

| | ‘ l. \
27. r(0) = tané |
et
L 20n | : .l
2
I
31. G(x) = — g
V4 — x°

NP- VT NS A Wt CAN PR

-2 22 u> . x”  *2zlX|
J 4-x¥?*- o ‘-{*—)(2::0 J(I:ﬁ
X 2 JIas W X =
738208 Yoz oo (-2, %2)
R Yorrs
- * 3

(coer-27 0 (2 o)



