Derivatives for Functions
CHAPTER 12 of Two or More Variables
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Examples: Find and sketch the domain of each function:
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Equation of a Sphere
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B EXAMPLE 2| Sketch the graph of f(x, y) = 1 V36 — 9x° — 4y°,
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Problem Set 12.1

L Let fix, v) = xy + Vv, Find ench value. (al f1.2) (k) fl5.4)
(@ 1) ® ro © f4,4) @ riwa)
€} fil,4) (d) fla. a') (e} fi1/x 2%y i Fio, o
el e, x%) i f2 -4)

What is the natwral domain for this function?

|L- - . ¥ . ]
Ahat i the natural domain for this function 3 Letel(r, v.2) v’ sin vz. Find each value.

X Let flx.v) = v/x + xv. Find each value. @ gll.m 2) @ gld 1. mi0)

® Feny) = x"y+ I3
o FOaiy = () JT = &
by F (3,0 = 3%e) +f5 =0
Do an Y=o
L D= RF,Y)  AER and 930

et of all npumbers

L/ Swuth Jlat Y 'S wnonnégfiva
I‘n_.--—-.____q______‘_____._.d__— R T S

<) -Pff;tfj: fz:ﬁ -.-LE_

=~ I{4d) «J& = &

—

d) blasaY) - ata? + [au .

[
- @ ¢’



£y flL,g") = L

£) Ple,—v) = (2)-v) » JX‘

Un de P»'ﬂﬁ’ﬂ’

2) Fley) = é.r X

o) 'r('.rl) - %—-—.\: \['_L_} -

FCL,u)- O, usl _ §.1-17

h) Vu ¥ A

&y flu, 4 ._-._: * By = Tale it
1

= + A = Ixa®

d) ?'annj e
cL
+he Set of all (kwy) such +hat
X=05
e) f(L,x) - L
Y&

£) Flow)y = (ndelfned



3 906Y.7) = X Sinry

— Sy Y =048

Al nia) =
SL'LJI!-%-—): HE;ﬂ‘Eﬁ;: 2
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12.2
Partial Derivatives
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Suppose that [ is a function of two variables x and y. If v is held constant, say
¥ = ¥ then fx, w) 18 a function of the single variable x. [ts derivative at x = x;18
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B EXAMPLE 2] If z = x*sin(xy*), find az/ax and az/ay.
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B EXAMPLE 5| Find the four second partial derivatives of

f(x,v) = xe¥ —sin(x/y) + x°y*
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B EXAMPLE 3| The surface z = f(x. ¥) = V9 — 22 — y* and the plane
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Problem Set 12.2

In Problems 1-16, find all first partial derivatives of each function.
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In Problems 17-20. verify that
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20. f(x.v) =tan 'xy
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23. 1f f(x,y) = tan"'(y¥/x), find f,( V5. ~2) and
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12.3
Limits and Continuity
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._F.."EAHI'I E 1| Evaluate the following fmits if they exist:
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. EXAMPLE 4| Descnbe the points (x, v) for which the following functions
are continuous.
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In Problems 1-16, find the indicated limil or stale that o dees no
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In Problems 17-26, describe the largest set § on which it is correct
to say that [ is continuous.
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U""f" [ = LG Mw'l-u-" O
d.'?)-r’l ¥ AR ;e(?‘_) {a"..JL_.--* ~Gd ) (2




354- Flhl.'}“ I-I'hl-t

1y

lim

| XN —'-.llll-_t"' = |'-—I

does not exist by considering one path to the origin along the

x-axis and another path along the line v = x.

;L ﬂ-}{ WS a -
/Q.r'ﬁ"] o

(100  n*+O
/g*’im A% =

[duk) x%xx*®

36. Show that

. v .'.1

lim ' s

Lyl x” + y

- \d:ff
/pF':HH,-

e = L

¥ *

does, not+ €xsik

Y=o Pom o0xe =6
LA/ 0) X 240D
= X /Q;‘m )‘:1-‘(?(? = 2\
Q(f?f? A gyt ;_:_,'5(\%;
TR A — .l-.
A= z <






12.4
Differentiability

-L:.n-'l;:_"..;‘i a:{.,'i..:
;,';n;x:f}-l-’nl-c' wf A\ ool B ) s Rt L T S
Pr) = xbety  SCalup s

ff{’r:l-: 2%
w

Frer= x2+ 2%y alby Bl
Shal A

Guchant : [P =p g2 £ VP -5

::k.ﬂlg'il

J¥F = K . ﬁ&\}-* Fe ke

O
oz wt ey

fx: A%+ 29 fy=2x
TP- (2xvydc & (22) )




-EﬁMI"!FI | Show that f{x, y) = xe' + x°F is differentiable everywhere
and calculate its gradient. Then hnd the equation of the tangent plane at (2,0).

adir 42 G WG o
wa)f) 1S diflerentiable guery Where
pecanst. H (S (Congmous

9P Fe die(B))

wf- (122 ) Uy (xe7x %))

gPl= (1) + (2 +90)
= el il & 8P

B EXAMPLE 2| For f(x, y,2) = xsinz + ¥%y, find Vf(1,2,0).

<f = ke O 4 ;[}:-'} sz
'ﬂf" = (S?n:«.'. .1‘-2{)/) L4 (;(Z)j.f_ ()((‘@5'?_.)_,&',

<P 20)=(+4)t 1j+ Ik

= Jo+itk = <Ys 151>



Problem Set 12.4

In Problems 1-10, find the gradient V.
L f(x,y) = x°y + 3xy 2. flx.y)=xy—y

D vE= L+ B+ Fav

"'JE - Cz:c;/+37_)t'+ (11-1'3!5)_].

L 2%y 3Y , x 243 >

N PPl o+ Fyu
= (3x*y )+ (x3-39°),
<342y 5> B3>

In Problems 11-14, find the gradient vector of the given function at
the given point p. Then find the equation of the tangent plane at p
(see Example T).

1L flx,y) = x°p - .t'_\r:.p = (—-2,3)
9f= F, L« By
= (2xy =9V (X2 =2x9))

= (12 -4 )L + U-l-l'li)j = ~210 4 V8)

Q"L\J \§ >



12.9

Directional Derivatives
and Gradients

M
T
VAR

Q£ f,;:l!! QE;:-‘Z'U

\?(’CIYJZ-) qﬁ: 2% |, +2"_-j‘j

WA Undk veltoy 2 0 d)axis

P _Sg -
/ J - ’jt_
O AN

F\:'HL'*S:] q...:-_:_” 6.0 3 el u_sb J Lo

J 16228 LT Tl Jui v

D ivelhonak e v Jak iyl D i -P
< :-'" o2 oL F W) pes J e
- QL oag9)

W

P~ -
U= HLa5) o HYua 5) - < 4 G




Dq'ECPJ: GL.'U-?(PJ L

(?.r
.I\"LMI’I] L] If f{x,y) = - Xy + 1 . find the I._!:II'LLII!?IM;PIJLF vValive
of fat (2.—1) in the Elr sction « rf[h ve 't}ra—nh--'lil
4 w
Fray) = 4y Xy 3y* (=2, =)
P A 1Y ﬁhnﬂ!,ﬂ—-—"@
O =Y + 3D
= UcEd) o 4 .. EW :{-;,5_;_%7
J s 5
TP oL 2
JEE = BX~-Y
-P‘y = =X +86Y
V‘F: ExC X F\‘.«j = (.52*'--—‘5)!._' -rC—-i:”gy_]_j
N = (82904 (-x26Y)§
(2,-1) NE o P dukisas®

-

SRO=1\2L -8f -~ < 1#,-82

D) Us G @b @
Dur F6) = G. TRl
=<4, 27 V872 L § (8L



B EXAMPLE 2| Find the directional derivative of the function f(x.y,z) -
xvsin z at the point (1, 2, #/2) in the direction of the vector a =i + 2j + 2k.

L ¥g; AY CoesSZ S

'-:]'? = )f;.'ﬂz. T Ve 1 ] j + IfCﬂEZ -
V]E(\,.l,-ﬁ‘) =2SaTC 4+ \SinTjr2CsT
r - z 2

-?fl:p) — 2 A\ +j- a0l =< 2.1 L4 >



B EXAMPLE 3/ Suppose that a bug is located on the hyperbolic paraboloid

z = ¥° — x" at the point (1, 1. 0). as in Figure 2. In what direction should it move
for the sigepest climb and what 15 the slup:_.- as it starts out?

J¥ = PV I W
Qe Ll U Sles oxt st
oY W osly Jan aS | S

?ﬁ =2X Fr= 29

o ? = o ?(-f-rz.jj — 4 IrhFa
< B (Npe) —-=2{N(+ 2ty = --?.L'-ra.il
<-2,27

TP alo gso e

\vi) = | 2By = .J¢

?E(P) INvenfes mosSt Fﬂﬂ'i{y ak Pm'ru!' F
N Ha@ dyebion of wE

"‘:?Pf?) o€ Crecse mos) rﬂ.ﬁu'fy in_ ofpasite
o ~refitn

_’;MFI.E—SI If the temperature at any point in a4 homogeneous body 15
T = ¢* — xy* — x'vz.|what is the direction of the gruulcﬁtin tem-
e




TE. — -:(1/

V1 = (e Ly’ axyz )ox (2 294 -x"2)j -x*Y 2k
QT(U-‘:?-):'{—E-'T-\a*‘ljt';,@‘-}l—'l]}'-1,- i<
'?T("H*-HE]: E-EJH)L' + E-‘j-\- k

— V¥ Y -1,2) = (l3)0 _€f -k



Problem Set 12.5

In Problems I-8. find the directional derivative of f at the point p
in the direction of a

L f(x.y) =x°vip=(1.2);:a = 3i — 4j

et i L]
= SL-U) - 2, _Uu 5 = | N
E..L _EF.J <5-r ?

lzs

tj: t — e ede X s b L o1
5% S e
U=
¥, = UA 4+ Y *Py:)i—Zj

"“-*:7]& =(U¥+Y) C + [:&-zlj}j



Vﬁ( P)—'— O + "FJ' = L0 ,.F7
’DU-PC'S;Z) :<j~; r—:},—%—.?dlc,;"?

D L e e, B
Jz  J3 =2
S, f(x,y) = ¢'siny:p = (0,7/4);a =\i + V3

n . [
U= vais) e kiladly — < YRS
== X - b = -
J 143

ﬁx = e“Sinj Py = Ex‘Caﬂy
gl engmj L 5 of C@S)Ij

O Q =
; = i : IT 5 e
vE (o L) = €Cinl (4 € CoslT y = <L, 25

PuPlor)=&, B><x ., %>

2i: T o0 =
2Jz 2 Jz
7. f(x.y.2)=xy—-yzr:p=(-2.1.3):a=i-2] +2k
b
U= Le2)x2k _ FCwL)rlg = =<$"3,%
J 4 U

Px:BX"j 1?;1 =><'3-—2.7’*zl £ :-'2.313



P = 3x3 e WP-2y2%) ) ~242 &
B (-20,8) - Wioalg- 18 ) GE
= V20 =24 €K =Qve72656>
DUECPJ = ,.» <, .?L) 2%, 5L, L5

2 (2 +.'5_-2.—j_1= 52—y —. 52
e w Rk S

In Problems 9-12, find a unit vector in the direction in which f
increases most rapidly at p. What is the rate of change in this
direction?

9. f(x,y)=x=y;p=(2,-1)
<%= Pal =+ fyj = 3x'C -.5)'13' = <34,-515
Yt (2,-) =vac-5)

_LI = Vel —SJ E-L o i___)

\(\2“"-1 ] 2




1L f(x.y,2) = xXyzp = (1,-1,2)

T f - Bt -?y_']-t- {z &
= Jxyz L L x2z3 4X )}k
Rilv=lig) = <0 2\

{ = Hoy2y—-K

J qi. 1_2.1,.:‘.1"'!.

-:—qL'*‘l—j-_E'_
o

Ll

12. f(x.yv.z) = xe**:p = (2,0. —4)

vﬁrfxi‘-}-;)'j-*‘?zk-
YT Yz _ YZ

= € L4+AT€ Hx X7E

Qﬁ{haf——“‘) = l:—&'j

”~

U= C-23 A
§ *rpe J es




12.6
The Chain Rule

Y = xCe ‘é%:‘fri'fé‘*

The Chain Rule: | The Chain Rule;
Two-Variable Case | Three-Variable Case

Here is o device that may help you
to remember the Chain Rule. W= flx, ¥ 2)

+ = fix, vy Dependent
vartable

. Ml e
“ wvariables

I Independent |
variable

— I e — e w— s




. EXAMPLE 1 | Suppose that z = x°v, where x = 21 and v = ¢, Find dz/dt.

= Xg'ﬂ
d——-zféa‘d._}.(.-rcﬁ-ﬂ Zsﬂtatl
d¢ gx d+ dy ¢¢€
/ J \ Z=3gL>s
3¢y 2 x> it dz =’-!O{7L,
c
E'Hf_‘j + 2 ¢Sk
€C26) (17 ) + 206)°t = 2u k16 ¢ = Uot”
|

B EXAMPLF i Suppose that w = x°v + v + xz, where x = cosf, v = sin 6,
and z = &, Find dw/d# and evaluate it at @ = =/3.

dw - du X 4 dw dy 4 dW dZ

0@ (dx dé dv 00 dz de

|

& fZ?ﬁj#ZJC"&‘Lﬂe)‘!“ (KQI)CCGSQJ 2 (J‘J (26)
'.'-‘(1 mjeg-ﬂﬁ*d'-)(ﬂy“ﬂ}?([gfﬁ 4l )CEE€3+ 20ces @

= ~2sin0@@sO - o'Sn® + (‘5519-[- CosSO+ 209cs®



. ["L‘LM]"I_,E-E If z=3x"— v, where x = 25 + 7r and y = 5st, find az/ir

and express it in terms of  and 1.

9Z. - dz .dx o dZ ,dy

d€  dx g+ dy de

3
EX C:

- H2x + 16 ¥s
= Y2(2543Fc) + 0(Gse) S

= 89S 4 20y 4+ 505 &

B EXAMPLES | If w=x"+ )"+ "+ xy, where x=sr,y=5—1, and
z = 5+ A, tind dw/at.

A - du.dX 4y odd o dy 4 Ju dz

= (2xay) S 1 (9ax)(-) + G2) (2
BILS N YS ~ Y w of o 4 Z
= 2(se)S+ (€-€)s — 2(s-£) - (sk)+U(sS=+2¢)
= 156 + s*_$t-25-1E + sk+Usast

= 25¢ rs® +25 —25¢ 0t



“Tmplci+  Difterention
—

3Y = UK +2xY

a0 ,_;"
3dY _2x dY — Y2y &\Eﬂf‘
ax 00X “

| gy ___ sFax

LI - a:/'afﬁ?-'
3Y =HxX y2xy 6“"“”0

—
e

- e

o —

qg_:— - i M e
X 3~ 24 F-2x




B EXAMPLE 6| Find dy/dx if xX* + £y — 10y* = 0 using

(a) the Chain Rule, and (b) implicit thI'Lr:.nlmlmn_
{_;1 - _ DF/ax ),,595 T
A
wrray .t "w:uf
D
a’"sf*

&
y, LA T

e 3X°t2XY

dx X% =y4oy3
b) x4 xt 1697 o

3x% 4 2x <“dY — 9o cJ:! S
E dx jmr.




B EXAMPLE 7| If F(x, v, 2) = %" — ysin(x — z) = 0 defines g implicitly
as a function of x and y. find dz/d.x.

2z - _2F/2x

>X 2t 5z

YZ
= - 3x°e - YyCos(x-z)
[4

9t
x> E + J Cﬂ?SCJ{—E)




Problem Set 12.6

In Problems I-6, find dw/dt by using the Chain Rule. Express
your final answer in terms of t.

= 2(e) (¢9°(36*) + 2()"(€) (2¢)
6t" +~ 6t" = 12¢"

. w=e'siny +e'sinx;x=3,y=2

—

Joo - o dx o dul . oly
de  dk ¢ d.j at

= [&xs’ﬂy +€ :Emsx )3+ (E‘{’w_gv + ejs-nx) 2

3¢ at 2t
= IC Sn2t 2E CoS3E 'p_e, .:552.&_]- 2€ sin3t



§. w=sin(xyF)ix=t,y=12z2=1

49 W dx o des -4y 4 du . d2
LT 6y dt dz d&

S‘E = Coslxy2*) (¥z?) (312) + (s Xy 2D (x22)(9)
g

A+ Cos(xyzD) (2xyz)\

— Cﬂ_‘gf.ﬂ.?f 'E-E') E}lel:? + 26 X2% 4 lxy:'_]
= cos (&) E?tltt‘h"' MWt . Lt’{’t_‘!

~ cos(et) [FE¢\

In Problems 7-12, find ow/ot by using the Chain Rule. Express
vour final answer in terms of s and (.

1. w=xypx= g y=g5—{

R oL Gl B
2t 2X ¢ Qy ar

=(2xy)(S) + *x* (@)
=~ Jfesyls Wley - L2

8% - 25%2 s%2
S3 - 3s2¢2 - st [ 1-3¢)



FE

11.

9. w=e¢'""';x=5ssint,y =tsins

W = SUW . gX o M .

o —  —

aE ax 8t 8Y  9p
2 2,40
2 Z4Y %9

=2X & o Scost +2)¢€ 2 Sing

z
- e, ]_—s?-smbﬂss'r +°Srns 1

skinteqy ;-,‘.5.-:5
= 2ESs'akcos® )"t 5*11?5 L_E’, )

L]

] ] 4 -
W= Vg Bt,x =cossl,y=smsi, 2 =51

__E_J'-QN a}f.ara-‘-d __Z_,_BM ;Z
RS 2X R+ ay at 0z ¢

= _2A Csmast) S 4 2y - cosst (¢)
ZIJ Hz-\- ’fl-lwt z\f_x'l*'j".-t? L
s A% .s2

’J""“'J iy Z?



' Exs SmSt + yS cos (se) +z.§1]
J ™9 4z~

\ Es. (=S SESINSE + SSInSECeS st

.|..--5ui: _1

f Srn'se ¥ Cos st 1S4t

| {Sut_’]
J \es®

13. Ifz=x°yv,x =2 + s,and y =4 — st*, find
0z

ol

g ] §

W _ WX 4 2W 3
5t ~ 2x € -;yﬁzg’_-

= 2xy(2) 1 x*( -2s%)

=2(2t+5) (1-st°)(2) ¥ (zE~ 5)1('25'{"‘)

= 9 (M4 1) Li—Hj(I-H(—W-l")Lf-"‘)
36 4 6 =179




1S. fw=u —utanv.u = x.and v = wx. find

dw

{f.l' r=1/4

AW = 2W . da w2
ae

X ) il

= (2 - tanv )) —usec v ()
~ (.’l.}( -- f:ﬂlﬂﬁ)f.)_x‘n SEC‘EH‘A

) -E@®

-

— | ATT

-l———-'-'

2

~H

-
2



16. If w = x°y + z°. x = pcos@sind, y = psin #sin ¢, and

z = pcos ., find

e
"r-ﬂ? p=a, V=R, § T

oUW _ QuW .9x 4 W . AW LIV .2z

—

20 ax 86 38/ s az 20

= (22)) (Psin@ sin) +(K*) (P Cose sing)
+ @2)(6)

_—,-(:_),pc:os@s;ngﬂ) LPs MO Ef"':,@)

3
P tal OS5 30
= Y(CosTr &m%)(z En'ﬂtrsl‘n_;f)

5.
3+ 1 Cos’r snll 4\ Co<IC

O -3 = -8



12.7

Tangent Planes and
Approximations

PP | N = P

'C:'lﬂ +¥a? Eﬁ)

z---; D= %(ﬁr;"f‘} (ﬁ- Xa) + \'Fffi-f-}"n) f?-—}"ﬁ}

!I\ﬂbﬂ"ll’” Find the equation of the tangent plane (Figure 3) to

z = x° + y* at the point (1. 1.2).
l“‘l’u‘L

A 7.9

| £
T o ﬁtiﬂ} (K—{u)_‘.g-(hl) (y-y:g

299 & 9 (x) 2 (9-Y)
T2 = 2 2% Q4 -2
L = 2Xx2Y -2

22424 -7 =2



?CJ“;?}

Dz= Plt2, v - Elger)

Q’.ﬁfﬁ’n{;“{ ‘-’.F dZz
dPCw)= dz = f, dx + £y dy

. EXAMPLE 3| Let z = f(x,y) = 2x + xv — v. Compute Az and dz as
(x. v) changes from (2. 1) to (2.03, 0.98)
3 3 /—b = s
T=2X"x XY - Y (21) = (2.03, 698)

\__&dz AX=2.03-1-0:4)

ﬂ-‘y’ = 098 = B.ol

ANZ = aPCJ.E:-Z:., c:;-q_) - f(af;)

Dz = [ 2(2e3d'+ (203)(0.98) -048) | =00
.
&2 = llQ‘!E dﬂ + }ev d’}"
dz = [67«g)Dx 5 (-39 d.‘f,-;;e""?

ak (Ponk- £ 1)
dz = (-ﬂﬂ-i'l)[n-ﬂg) +(2-2)(b.02)=-01%F



Problem Set 12.7

In Problems 1-8, find the equation of the tangent plane to the
given surface at the indicated point.

¥o Yo 27
L x? + v+ 2 = 16: (2.3, V3)
T &3
A I e .
24 2y 22 I&—xﬁj‘l‘%’a;ﬁ")-rpzfz—ﬁ.]:n
y €& 23

& T 4(x~2) +6CY—3)*2J?(3-ﬁ)
204 -2) + 3{}"—-3] e J3(Z2-33) =6

2%~ F3¥Y -9 \.I.T!-?--- -

Ko ynm.zi-

2, Bx* + v + 82" =16:(1,2, V2/2)
OE.?I':J'E?Q ’E?“'_" 25 JE,::.-J{E
ﬂszf'é ff:‘:"—l fz: J‘E

Cij2,2827

P (x -xo> + f’; (9-90 + bz (2-20) =0
.-"6'[)('-|) ¥ ‘51‘63"'2) + gJ2 (E-— J_E):ﬂ
Ye-1) ¥ (9-2) + 20z (2~ 4%) ~q¢

UK~ 3 Y-2 s dfJz2—-2 =0
L +2/2z =3



2+ 1 =0;(1.3, V7)

\d’ \’-Pz.-"lf'

1A o2
£ - ?y# ; =

£z (f-40) x £ (-0 + F2 (2-20) =5
UK=1) ~6(9—3) 1203 (z—M) =0

(X1} o 3fY-3) o JROTIN)=
X-\ =3y 4+ §Fz -F =0
X =39+ I Z = |

.I.'1 v
5, z=—+=(2.2,2)

4 4

VAR
=

I

-

VI e

CZip = JPZ..(JC--" Xg -E;r C}'-ﬂjaj
Z—2= (K~-2) x(9-2)
= )(-'q.-\j -2

AxYsZ =2



LS 4

|I |
T 2=2rYco52x:(w/3.0, 1)

o 3
7 i \b Ei= 8 e,ycas 2 %
v =-Y € "Sin 2X Y

(o 3(a)
IJ:I = —-‘f; ).Sl'ﬂ?%T E‘y:GE CosS 21T

']"'1"&- -
= -4 G- = 6(1)= -3
.
Z—~Zo= fx.c?f--'?(b} - ‘?7’ (v-Y2
7 X\ = —Zﬁ [.7"11]3;) —3 (3""3)
Z = -iﬁ1+1_{3’1_rr._3ﬂ —

LC1 In Problems 9-12, use the total differential dz to approximate
the change in = as (x. v) moves from P ro Q. Then use a calculator
to find the corresponding exact change Az (to the accuracy of your

calculator). See Example 3. 2 3
2 (099 [1o2) — 2 =[]

9. z = 2x%y; P“'g]'{‘mlflfu'!'”:} 0 6%
e, Q- ="e.0|
oz = ,& dx + f:) dy
— 4xy° dk + 6X*9% dy
= 4 (1) (-0-01) + €'Y (ou01)

~0.04U x 012 = o068



1. z = In(x°v): P(—2.4). Q(—1.98. 3.96)

de= -\98 ~~2.

dz.‘:ﬁ,zhc{?ﬁ ..\.-—IP}; OJ}’ = o.02
d}f; 296-U

- 2X) d,{_r s dv ="ooly

I

-_% C-:ma?.) e '}‘lrc— ﬂ*b‘-l) = —=0.00 - ool
= = 0.03

-2.08_-2
12, z = tan™' XV f‘(—@ll!j, —0.51)

. \-—‘_,_/ = "2.023
-0, 5l—0-%
dz; '[i d?( i 1["?’ QJ}’ = 0.0 )
T x . & dy
-l_l_xi‘.)/z }‘)rx.tyi
= -0.5 E'-D.?)-}- —< (_-g-ﬂ])
|+ (2¢0.6)° 4 (2x05)"

— ool 4 ©.0]| = ooeeIsxo.p

< — o.2|FEC



13. Find all points on the surface ‘bL}J\ e

" 2 R . 5 - 1|
.-'?{-:H‘ﬁ @ X" = Zxy — ) Rx + 4y d\p.l

- :
T where the tangent plane i1s horizontal.

og,r.:ﬂ’ fé‘gb/o
pr:ﬂ’

fo RJ( -2y -8 =oO

i ——

by =v

—

-4y -4{=06 |5: A

A= 3

2x*439 -1 =0

14. Find a point on the surface z = 2x° + 3y~ where the tan-
gent plane is parallel to the plane 8x — 3y — z = (.

tongent. plane IS sonaal i #el gradiant

Zeanget plane = <ux , €y , _\S
y

)
U pPlan e = QA Y2 5>
Llﬁ.:g §y=_3
— Yo = 2, s}
29" = $ =g
ef

e 1':--E,‘,."':-' 1:'2('13-4... 3{.1_;):'.: g 35



12.8
Maxima and Minima

Ioc-al min

Ueely s s g _,._...r__;_:..:..J

- 5 SR C Craveal Po¥ “apfy Ty s @
Ue‘.'.'. =) fy‘;‘ 0 Cl'nji)
e e O e L PR
ofx-,.w s
2

Marmarm A Px40,; s Do

M. nrmu o 9 f_;c_u. 20 T D:’G

Sadldle pornt sdile DLO

PL Re LLedl e Bi=p



1. Find the critical points of the function: ‘Q’C &5
f(x,y) =x*—6x+y*—8y -Px::ﬂ 2 Ey:ﬂ

I
W

ﬂel:'.": 2x—6 ZXx—6 =0 | p:

7P7" = -2_9—"‘3 RI)-8=0 Y=Y
(3; ’-"f)

3. Find the critical points of the function. Then use

the Second Derivative Test to determine (if possible) :ﬁ( =2 ...6"3
whether each critical point corresponds to a local

maximum, local minimum, or saddle point.

flx,¥) = x% — 6xy + y* + 4y £j:.-.£;¢ 24 A Y

AX—6Y -0 —6Xx+ Y V=090

ﬂzBﬂrM/:g(S,j_)_}zﬂ—aH:ﬁ

-6 9y +41Y-0
| 3=

X =

3 X
¥ 4

Cerchmal Povnk

(8 %)

'H\.-IC}J'I vl il o g\ _;!“ \ (_-=.. .
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. EXAMPLE 1| Find the local maximum or minimum values of fix, v] =

1 :
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B EXAMPLE 5| Find the maximum and minimum values of f(x,y) =

2 + x* + v on the closed and bounded set § = {LL vx® + l;_r" = l}.
?.‘[ = A 2A = rA=> TI
}
||_ ¥
P}r =2Y 2M -o A=a TF 5

A s e P o f_;:x. apeo D

Mak . F min of Vg Las ;
p A 5‘-3* =] Cin%hn a8 =
-L l, 2 M — — -
e (25
— e ——————




9 (x>
’ — #
8(# = .
- st
Cost o
oF ‘3"(_ s -
:n-|~t.‘.“ ‘ - -r- 3 (A=
ﬂ:ﬁnq"- - :
aﬁk \'ﬂ.{ 5
i o5
vy {:
| L
‘Eﬁihi-f:-r“ Q-ZG:E -
J & ‘1
¢ Al 5- :
ﬁlm l . G
o) s i_-) - IN'F F
y 7y 2 e .
l: -
Q:/‘ Srna 2 n
JLP i /E— B
f *
N 14 v L & Y
=i - =
L . infu
t i = r R f
» (oSt | az_r |
ﬁh- I 3 2.
:r ﬁ A5M-
zm“z = :
i : 1
3
) ﬁ 5
-4 - ]
: €
2 d




Problem Set 12.8

In Problems 1-10, ﬂﬂd all critical points. Indicate whether each
such point gives a local maximum or a local minimum, or whether
it is a saddle point. Hint: Use Theorem C
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9. f(x,y) =cosx + cos y + cos(x + y);
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In Problems 11-14, find the global maximum value and global
munimum value of fon S and indicate where cach occurs.
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13. f(x,y) = x> — ¥ + 1;
§ = {(x,y): x* + y* = 1} (See Example 5.)
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12.9
The Method of

Lagrange Multipliers
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.I_"_‘:'. AMPLE 1 | What is the greatest area that a rectangle can have if the
length of its diagonal is 27
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. EXAMPLE 2| Use Lagrange’s method to find the maximum and minimum
values of

fix, v) =y — x*°

. ] 5
on the ellipse x°/4 + y* = 1.
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.EI.&HFI-I’. 4| Find the maximum and minimum values of f(x,v z2) =
x + 2y + 3z on the ellipse that is the intersection of the cylinder x* + »* = 2 and
the plane v + z = | (see Figure 5).
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Problem Set 12.9

1. Find the minimum of f(x, y) = x* + v subject to the
constraint g(x, v) = xy = 3 = (. Y =3
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2. Find the maximum of f(x, v) = xyv subject 1o the con-

straint g(x, v) = 4x° + 9y — 36 = 0.
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3. Find the maximum of f(x, v) = 4x° — 4xy + y° subject
to the constraint x= + y* = 1.
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5. Find the minimum of f(x.y, z) = x° + ¥ + z° subject
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6. Find the minimum of f(x. v.2) = 4x — 2y + 37 subjeci
to the constraint 2x° + y= — 3z = 0.
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