Geometry in Space
cuaerer | | and Vectors

11.1
Cartesian Coordinates in Three-Space
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a9l
.I-ZX.‘\MPI.F.I} Find the distance between the points P(2,—3,4) and

Q(-3,2, —5), which were plotted in Figures 4 and 5. LA
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- EXAMPLE 2| Find the center and radius of the sphere with equation

2 ) Y ’
*Q%) x*+y°+2°—10x—8y — 12z + 68 = 0
T2 N RUTE_ T O SRR NV Y 7

(""0"*15 (y2.39+16 ) 4 (22127 .36 ) -(8 425

L};LS pJ‘ T o\t WS ds +1&
K 3¢

Lx-5>—\- Qj-q).;.(l—-&)z-_-_-q
Coenwn<t -:_(5;‘1,6‘) Y = =5
,U!'.(JPD"V\-( sy Py & }_:J‘,.D‘

(,(.2,7,_,21)

(*I‘YJZ{')

P 2 2.

(7{‘\‘\"(2' P :7.».-‘02 , Z, +22 )



B EXAMPLE 3| Find the equation of the sphere that has the line segment join-
ing (—1,2,3) and (5, =2, 7) as a diameter (Figure 9).
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B EXAMPLE 4| Sketch the graph of 3x + 4y + 2z = 12. ~%
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! EXAMPLE 6| An object’s position at time ¢ is given by the parametrically
defined curve x = cost,y = sint, z = t/@ for 0 = t = 2. Sketch this curve and
find its arc length.
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Problem Set 11.1

1. Plot the points whose coordinates are (1, 2, 3), (2, 0, 1),
(—2,4,5), (0, 3,0), and (-1, =2, —3). If appropriate, show the
“box" as in Figures 4 and 5.

2. Follow the directions of Problem 1 for (\/_ —3.3).
(0,7, =3),(-2,3.2), and (0,0,e).
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3. What 1s peculiar to the coordinates of all points in the

yz-plane? On the z-axis? z
Yz -Plane
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X =0

X Zeayis =p g-o

. Find the dlqtance between the following pairs of points.
XN h A Y92 2,
6, —1,0) and (1,2, 3)
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8. Find the distance from (2,3, —1) to

(a) the xy-plane, (b) the y-axis, and
(c) the origin.
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11. Write the equation of the sphere with the given center
and radius.

(a) (1,2.3):5 (b) (-2, -3,-6); V5
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In Problems 13-16, complete the squares to find the center and ra-
dius of the sphere whose equation is given (see Example 2).
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15. 4x2 + 4y’ + 422 —4x + 8y + 162 — 13 =0
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In Problems 17-24, sketch the graphs of the given equations. Begin
by sketching the traces in the coordinate planes (see Examples 4
and 5).
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21. x + 3y =8
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In Problems 25-32, find the arc length of the given curve.
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11.4

Vectors
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. EXAMPLE 1| In Figure 6, express win terms of u and v. | il

UA+W=V
W= V-

. EXAMPLE 2| In Figure 7, AB = %I Express m in terms of u and v.

m=WU +AB = (m=u+ ZAC
Vv = Wy AC
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For any vectors u, v, and w, and any scalars a and b, the following relationships
hold.

. u+tv=v+u g!_'-\:' 2. (u+v)+tw=u+(v+w) 'e-g-ﬂ;
3. u40=0+u=u &\ 4 u+(-u)=90 “...!;:"-‘

5. a(bu) = (ab)u s Rt 6 auEV)=atav a5

7. (a+bju=au+bu a8 8. lu=u ._._y_;q.\'_);';l
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B EXAMPLE 4] Let u=(1,1,2) and v = (0,-1,2). Find (a) u + v, and
(b) u — 2v, and express them in ' terms of i, j. and k. Find (c) Hu\. and (d) | —3ul.
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!_F_\__\_\llil_k_"s Let v = (4, =3). Find |v|, and find a unit vector u with the
same direction as v.
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Problem Set 11.2

Drows veg < )

. w=u, +u + uy

\
\¢
4

5. Figure 15 is a parallelogram. Express w in terms of u
and v.

Qaw = U+V

v
e
Figure 15 A \i;ﬂv

7. In Figure 17, w = —(u + v) and Ju| = |v] = 1. Find |w|.
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For the two-dimensional vectors u and v in Problems 9-12, find
the sum u + v, the difference w — v, and the magnitudes |u| and
vl

9. u=(-1,0),v=(34)
10. u = (0,0),v = (—3.4)
11. u = (12,12),v = (-2, 2)

12. u = (—02,08),v = (-2.1,1.3)

q) W xv = <"\/L7.>-’r <3)\"\7 = <‘2/Lﬁ>

W- v = <-l/°> - <3/H7 = <-“/-L17

\uf = J(il)?-\-e;"' =
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For the three-dimensional vectors w and v in Problems 13-16, find
the sum u + v, the difference u — v, and the magnitudes |u| and

vl
13. u=(-1,0,0),v=(3,4,0)
14. u = (0,0,0),v = (—3,3.1)
15. u = (1,0,1),v = (=5,0,0)

\3) W\ = <-l,0)0>.|.<3/ U027 = <2,4,07

U-V o= Z-\yop07 = <34, 00 = <=2 6

\ W\ ::..J(‘l)zarcs"dt—va;l = 8
\\]\ = jSL_\.V\Z ‘—-_-_"_, 9
\ ) U<\, 0 1D AMe & S8 7

A\ = < v/, 0,02

== <—-M ;s 0 f|>

U=\ = <\76 /\>—<_'_S/G/(J7

<(,O/\>

\U‘ ;':le-})'2 3 \/TL

‘vl = .’(--5)Z = =




(€] 17. In Figure 18, forces u and v each have magnitude 50 Svw Cas
pounds. Find the magnitude and direction of the force w needed
to counterbalance u and v. 30 yz r?/z
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11.3
The Dot Product
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@:{53 (;:JL-:-O> (d6 e\ ) }»_,fa\o;-'i- #

Ww-V=-lul 1 V)

Properties of the Dot Product
If u. v. and w are vectors, and c¢ is a scalar. then

l. uv=v-u 2. u*(v+w)=u'v+uw
3, c(u-v) = (cu)-v \,9’\”7 4 0-u=0
5. u'u=|jul? _,)""9)

Theorem B

then

u-v = |ul|vlcos @

If 6 is the smallest nonnegative angle between the nonzero vectors u and v,

Perpendicularity Criterion

Two vectors u and v are perpendicular if and only if their dot product, u-v,

is 0. s alnP

Ll

Definition Orthogonal

Vectors that are perpendicular are said to be orthogonal.

UV=o (qp) PAbAE | T T
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B EXAMPLE 1] Let u=(0,1,1),v = (2,-1,1), and w = (6, =3, 3). Com-
pute each of the following if they are defined: (a) u*v, (b) v-u, (c) v-w, (d) u-u,
and (e) (u*v)-w.

a) UN = L6, \,\>.L2,.1,1 = o.|-(-\)-|-\ =Q
OfHroGora 0=90

D) Vi = O & om0 b vy ok o)
¢y V.= <2c'|)|>'<5’-?)3 > =123 3+3=\%

d) UU =L\ D<o, 1> =6iaxl=2

]U-l-,:J-_Z.
) (W) oW —=p o dehned @@ eW
<
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. EXAMPLE 2 | Find the angle between u = (8,6) and v = (5, 12) (see Fig-

ure 2).

U= <8,4 PLS, 125 U ¥ FL =12

o (Ul =)8%ac? =

B

Cos© = U.V

}loo = Y0
VoW - [s2a12%= Ji6q

= 19
-\ = |12
jul {v) 16 (13) \30
Cos©O = N2
\30
<S> l
- 112 = S
Ces (_‘_é_u)_w
LD, 62



B EXAMPLE 3] Find the angles between each of the three pairs of vectors
from Example 1. Which pairs are orthogonal?

U=< 0SS uwl = J=
Wz € 2> Wl - Jg
W= <6,-3, 3> W) = JS“‘ = Jq'5 = 3Jc

) bedween U and V
J Us
Ca..(gl:- u‘V = 0o . O'\\o/
jutiv] V2§
91:0!0

9'2 YLeée el A W

(os@z= UW - 0-3243 =0
fil (W Jr -30¢

(0$0> _ VW _ 2(6)+343 =18 _
\v W] Jg 3¢ 12




. EXAMPLE 5| Find the measure of angle ABC if the points are A(1, —2, 3),
B(2.4, —6),and C(5, —3, 2) (Figure 4).

U-.":C\-'?-_) “2-A 5 B__(¢ D

L
/ A=, -¢ ,9>
. - > |

V o \’ e <'5-2.; =3-Y 526>

Figure 4

N €% -3, g

UVz= AAB) 4 ~¢((-1)4 9(3)
= =344l JF2

CoSO- U.V =
\ULHU) \V‘:-qu-qa.\-su =fi22

sl o Jl-\-?e-tg' -Jng

Jiz g

CosO©= 6. Q2¢

©:=cos' (0d25) = 22.3



Problem Set 11.3

1. Leta = -2i + 3j,b = 2i — 3j, and ¢ = —5j. Find each
of the following:

(a) 2a — 4b (b) a+b
(c) a*(b + ¢) (d) (—2a + 3b)-*5¢
(¢) |alc-a (f) b+b — |b}
a © <
Z-2,3> <2,)-3> L<o/-5>
a) Qa-Ub = 24-2,35 —y<L2,-3>

—3 <'-"’"|/ 6>~ <9/-l2>
el2 518> = —12¢ 418y

b) Chb = <-2,3>56 <2,3>
=223 % JL-BFJ === = =13

© ae(bac) = <-2/3> «(L2,735> 4+ <e/-5>)
= <-2,3> - <9~J—3)
~202) 4 B(~B)m -y 24 =_28
d) (-2a+3h)e 5C
(""24-2;3>-\' 3(2;-’3>) -<5'<01-5>)
(<‘47£>1— <6'1-Q7) o <O /-35
<W0s5-15> . Lo, -25>

o€e) + (-15)(-25) = 375



a - 3
Z-2,3> <2)-3> Lo;-5>

e) |lal] C.a Jai = o2 322 /2
JE (40,-‘57 . <—2f3>>
J1a (O -\-(—-IS): —15 J13

b.h= b
Py bk — Dbl = b) = [ 2% -0
L0 iy & Bpents o Ji¥

12- JT3



2. Leta= (3,-1),b=(1,-1), and ¢ = (0,5). Find each

of the following: holt = 12t = {2
(a) —4a + 3b (b) b-c el = Jo2es*= 5
(c) (a+b)-c (d) 2¢+(3a + 4b)

(¢) Iblb-a ) I’ —cc =2zevo

o) -1a+3b = 4<35-1> 4 3€ A"
= £-\2,U4y 4 <Z3,-3>
L-9,\>

b) e = <L\s5-\> edo,58>
V(o) + (-\)(5) =-C

) (a+b).c = (<3,-n»+<\a-l>).60us>
= <4, -2>L0,5> 10
) 2c¢c «( Da+udb) =
(’2<°»5>)- (3 Loy 4 UL Ny-1 B
Los10> « (<La,-3> 4 Lur-4>)
<o 165413, 32> = —FO

e) lbllb.a = J2 £2.005.<v5v>
= (3+) = ud=2

P S A

9) hcl)*>-c.¢ = 5—-5 = 0O



3. Find the cosine of the angle between a and b and make a

sketch.

(a) a=(1,-3),b=(-12)
(c) a=(2,-1),b= (-2 —4)
(d) a=(4,-7),b = (-8, 10)

Jlall =ﬁ2_1_32 = -/Tt;

a)

”b// :J72+?.2 =

Ado= =l -6=-F

Js

(b) a=(-1,-2).b = {6,0)

k) llall=J12+2*= 5
ifl=Je% o® _ &

Ab =4 ==&

Cosgz &b
[al-/é]
EatiasE =1, ..
ieds 5
CosD- —6 = -\_
/5 Js

o) lall - J \z-t3z::._\Tt;
1ol - [ 224wz = J20

o0y = -4+4 =o

Ces@ = Q- _0
JioJ 20

o) lay =
\bll =V 3%10% =

uty 3 = J65
16y

CoSs O = =102

'JG'S' 16M

ab= (~32) _Fo= -lo2



4. Find the angle between a and b and make a sketch.

(2) a=12i.b = Si By
(b) a=4i+ 3j,b=-8i - 6 al | b))
©a=-i+3b=2-§ o cps! &b
(d) a=V3i+jb=3+V3 )11l
Q) a=<\2,0> b= <-s,06%> : N "4'
s 2

llall = J2*=12

l/b” ~J-s2 = 5§ .12,
)

a'b':. ~60

2

a=<q/3> b £-8,-6>

‘Q\I:J U4 3% - r'Z_E-_-. 5 ?'/

‘b" :fgz—f‘éz-: JI—UO:' To) / -
“ v

Gb—=-32_18 = -50

9: CQS-\ -50 - COS_“ (——‘) 6’:—'—{80
S.10




C
) a) 4-\) 3> ‘9 ":'."-<2/ —6>

\all = J *+3° = J16 \
Wb|) = 224 6% = Juo N\

abh = -2_18= -20

..." -
. \
O:-cos ' 20 Cac' 2 :
= = oS —£0 3
= Co®3S -
JieJuo >0 (')

@ laf)= J3e= I /

bl = .l31f1=ﬁ;= 3J3

Qb = SE-E:Q-E

-\

Oz Cos 2J3 = COS-‘(‘)
J3~

P=p




6. Leta = (V2,V2,0),b = (1,-1,1),andc = (-2,2,1).

Find each of the following:

(a) a-c (b) (a—1¢)*b
(c) a/lal (d) (b—c¢)-a
b-c

f) ara— |a’ =0
blle] el

(e)

a) B.C il 6. £ 2,9,

= —2_;);_.1-25 +06 = O

b) (&-c). b
((G,J‘{,o>_ <-—2/'2-/l>) e Lics, 1S

o B s Sz g at Y )

J/Z/m_._. Foa | =

(&) Jall =j e P )

s

.-—-———' - <J——) , O>
llail 2

-z o> s Bz
e




d) (b-c) .a
(<h-tpim e 20,08 . LAST 0%
€9 o bt a) S 8%

3/ y 3JT x 0 =06

e) b.C _ -—2+4E@x\ - I3
(b0 e Jo Ja =

?) - - \0‘\2':: S



8. Let a=(V3/3,V3/3,V3/3).,b=(1,-1,0), and

¢ = (—2,—2,1). Find the angle between each pair of vectors.
8 X
BN CIRTES: @;3_) = Ju=1
O, \l b -::j 12 5 140" = Ja

90,(’ “Q“-_—_'
el ‘5-};21*2";":. Ja =3

a.cz= -&E;ﬁ—l—ﬁ -_--7!5 :-J'_;—
3 =2 3

§

©- C‘o.s-l =dd o Cos [:%)

3
3

Q= 12<



12. Show that the vectors a = (1,1,1),b = (1. —1.0). and
¢ = (—1, —1, 2) are mutually orthogonal, that is, each pair of vec-
tors 1s orthogonal.

a.b= \x)ro =» e

v a‘T)a(\-
b.¢ =\ 4 |l x0 =0 i

L

a.c= =\ + (-N)x+x2 ==

a
> 16. Find all vectors perpendicular to both (1. -2, —-3) and
(=32 ).
TLDY B L A N T = I\

SWEMVE S

N = =i ﬁ—'ij —32 =0

il
27’ = 23X R - 3A) ~3Z2 =0
soax wopm)
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21. For what numbers ¢ and d are w=ci+j+ k and
v = 2j + dk orthogonal?
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11.4 Ax8
The Cross Product [N ) PZy, wien

S5 P ateo . SN, gumls we
c' -

AXB =C

Frnd +he Cross Produce ZX_;

a- <3,4,S> b=<%,8a>
L e
ax b = 3 4 S
2 3 (qq
4 5| 3 5. 3 ‘{\k
e - =
5 ot 7 q Y + &

i j k
(4opx 9(%).) oo us| C3)c) f{;f:%ml){f: 'E: {B({%é "ﬁ“’ Yk
0 3 Uy - J : ’3 )y

Yo = (-8)) Yk =-wegy- Yk
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Theorem A

Let u and v be vectors in three-space and 6 be the angle between them. Then

I. u(uXv)=0=v-(uXyv) thatis,u X vis perpendicular to both u and
v,

2. wu,v,and u X v form a right-handed triple;

3. |u X v| = |ulfv]sin 6.

(LX Vv — = Q/K U ) anki’ce mmudafr e

b U S5 A P EY U M S il

UxXv
L“XV)JLL:‘—O
y CLU(V)!T: o
u CJ U (5! w2
r_...::.._._z = '?pl L' o @

waa) v 3)




X V)= [wl v Sm& @

/Ld: /V/:: S @-= 30
IU-XVJ':- ULsS) sin3o = 1O

9':0/(%0 ’\kz\wwl L1 NN
(lParallel ) 20 = oGy @Gl

(Perpfnﬂ"Cala/jé.)vao emZ Ly O 15

O:-qo
UXV = [ul]Y]
L
(:KJ':.‘ K JKL': e
JXJje= L Kx)—= =L
kxi=y (Xk==)



. EXAMPLE 1| Letu = (1, -2, —1) and v = (-2, 4, 1). Calculate u X v and
v X u using the determinant definition.

¢ J K
UXV= v\ -2 =
-2 uY )

_ % & . | = | . \ =&
] |
\ u l\ \-z ( \J N \ ~2 Y
(20- @) = (1-t)tn); + (U= (2)e2)s

(=244) ¢ = (1=2) J + (u-u)k

UKV =2 + J + OK

XU =-2¢ =) e



latix 1 by-9)rcCz-2) =0

. EXAMPLE 2| Find the equation of the plane (Figure 2) through the three
points P\(1, =2, 3), P,(4, 1, —2), and P3(—2, -3, 0).

LLXV r:.-f)’_t}' (-_a..-"y.,‘

'M/"\ Pa P

— @ > -
2 b3
o T
e §J «
U-X\f‘:: -4 =3 § =15 5}(' — -3 ;}51_}'3 -/k
=Y o ¢ 2 -<-Y
| -¢ -4 2

:(—C + 20)( -(-s + sa)j+(:2_18)1:
§£>,i\ = UxV = P—h,‘ e QLU' -6k

22, Sslro (Pu9ss
al-0)x b(Y-) xC(z-2) =0
W\ (X~ —24(Y-1) ~6 (2+2) =0



4 X —56 —24Y +24 —€£Z ~12=-»

Wﬂ-lq‘j -6 Z — 56 -24 112

14— 24y =62 = 1y

B EXAMPLE 3| Show that the area of a Eafallelogram with a and b as adjacent
sides is ||a X b|. \)

g Ue) oo

S:'ﬂpf_l‘:_.
2y VA%
=\ sin®
A N Area. = || axb |l

X
7\:;3‘31 e = ‘oL

A= \al |b) Sn &

= )al l bl Sne

If u, v, and w are vectors in three-space and k is a scalar, then

u X v =-=(v X u) (anticommutative law):
uX(v+w)=(uXv)+ (uX w)(left distributive law);
k(u X v) = (ku) X v =u X (kv);
uX0=0Xu=0uXu=0;
(uXv)'w=nu(vXw),
uX(vxw)=(uwyv—(u-v)w

I R

.EXAMPI,F. 5| Calculaten X vifu = 3i — 2j + kand v = 4i + 2j — 3k.




UXNV = 3 -2 )

wal
(6_2)(,‘ -(-a-49); + (6 + 2)k

WXV = H¢ +13) + |4£

- 2 \

—
-

L -

2 -3

‘ S P\ e

a©‘4 U V= (36-2jae) ¢ (4ee2i-3K)

|
12(/'«(1/«6&;()) 7[(;(!6) Z(J;h.) /(/_nc/;)
+6'(J7()C)+LI(K1L)+2(}CX}) 3();4{11)
Gk rd) + Dk +6 (L +Y) -2

3
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Problem Set 11.4

&-3,2 42> G-ty Rp=12>

,,q>l let a=-3i+2-2% b=-i+2-4k and

<3 ‘e=17i+ 3j = 4k. Find each of the following:
(a) aXbh (b) aX (b +c¢)
(c) a*(b + ¢) (d) aX(bXe¢)
L .
a) axbo= |-3 2 -2
l_\ 2~ |

Ve ER VT

fai -\ =W e

(=8 g3 (oY iy Caezle
“HL - 10 -4k

©) Cbac) = &-V2,-4> ¥ < 7,3, -4
bal = 4515/-8>

v b k

ax(bxc) = _ L o C 3 -2 -8 2

\\ 2 6_3\,4 2k
&€ S -9



> bxc = <E:S.-3)
C\\' (b-\-C) = <-—5;2_,-—Z.> 9<€flgl'g>

-\ xl0¢l6 = 3

T § K
d) 'OXC:: ——
3 3 -
PR TUEE WA T I T L
brc = H¢ —SZJ = 1T £
( ) K
ax(bfc) = |8 % ==
y -32 -I7

B - o
-3 - “u 41 w -31

(-au—e4)c — (51 +8)5 (96— 8) %

-9y -59) 4 82k



3. Find all vectors perpendicular to both of the vectors
a=i+2j+3kandb = -2i + 2j - 4k.

A J e \
A = \ 2 3

—_—2 -~ sl

| k
.i. :t\L e \:'1_ -?“IL).‘\' \‘—17':\ ¥

(o ke Touwn &)y (oo ulk

axy = —\ML - 2§ 6 K

bxa = \Yuo < 25 = 6%



S. Find the unit vectors perpendicular to the plane deter-
mined by the three points (1,3,5), (3, —1,2), and (4.0, 1).

,w’

UL RP—s P2
(_q,of‘ U= < 3-\) -l-3_9 2= >
P (3,-~.=) Uw=<2,-4, 3>

N = <M-| 2 0‘3/1 -G >

<3/ "‘3/—Ul>

¢ . = ——
UXV=| 2 ~q -3 l ‘3\L _)2 -3,1'_‘_} ]K
2 -3 - =3 3 -4 3 -3
|

N .:_.-9:_39.@\ = JL'-J'«S‘L :<‘-1-,-\,6>




8. Find the area of the parallelogram witha = 2i + 2j — k

andb = —i + j — 4k as the adjacent sides.

[“‘:p"syyﬁ)d = FYe¥ i colws

Area = [ ax bl

S T
QK\:J—..: 2 2 - \
-\ ) -\Y

St P01 Ll W AR ER i

axy = =F +04)+4Hk

n axb \] = j#-—?z-\-qz-\bl;l = m



In Problems 11-14, find the equation of the plane through the
given points.

11 (1.3.2).(0,3,0),and (2.4, 3)
AV sl foimze ~50
n =WUxv ...{-;__S,J\S _a;s,.‘-)\ s S\ el C?_)

U, viles Calas ©
N-Alxb)x Cr Lﬁw)’l.‘bl)

Cl.()( e )L\\ -\'\9 (‘j—\b\) S CCZ-—Z\)

U= F—P2
BF N T S he Lo, Rys0aT e &,0,-25

9'."' L 2\ 9 M-3 532K, 1>
01
e J Kk
M)( \r: -\ O -2
\ \ \
n — /1 g ("N 93’? Cyv2)2)

oa(k—xd x W Y42V xclz-2) =6
204 =\ (9-2) —1(2-3)=0

2K=2 Y42 —-2x3 =0
2)( == = -3



14. (a,.0.0),.(0,5,0),and (0,0, ¢), (None of a, b. and c 1s zero.)

a,wo A= <q,b/o>
N = <—Q/QIC'>
o:h:b
UXN = - b o
- o C

WAY = (Bc) C 4 ac § ¥+ (ab) k

(6(.10/0)
e (x —a) + ac (9=-0) + ab(z-0) ¢
YC KX — vca x 4AcY + &b Z —o

oG X > ACy +>Ub2 = vca



X v 2
18. Find the equation of the plane through (2. —1.4) that is
perpendicular to both the planes x +yv+2z=2 and

. =<\, LulsS
4("”‘ 1\
G

g V = ‘/-|__,-\>

c_ﬂ_;-—«l.),w S @S 9JJ|.°L}

v j ok
UXN = T A - Ol.','f'?j"?-k
| )

&%) . - b(.‘ﬂ"'ka\,) = 2 e S 2Z.) =o

2(‘3 1‘\) —-?..(Z-Ul): &

2Y402 222 +3=c

‘23 —27. — =-\D




23. Find the volume of the parallelepiped with edges
(2,.3.4).(0.4. 1), and {Sa..l. 3) (see Example 4).

= b
»V ,
S~ T
|~Z1/
/Hp.o-lgl.;

# ‘)W;’,
(f’ & VA =

HRE = :_ ”;‘ = 13c-5)- 20k

{

Q. G’ 2E) =B, 3,4>e<(3,-5,72>

26 -15-30 = -69









